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1

DETERMINING POSITION OF A GNSS
RECEIVER USING FRACTIONAL
SIGNALLING EVENT PERIOD TIMES

BACKGROUND OF THE INVENTION

The invention relates to a method and apparatus for deter-
mining the position of a Global Navigation Satellite System
(GNSS) receiver, and in particular to determining the position
of'the receiver when it has not been possible to decode the part
of'the GNSS navigation message containing the transmission
time of the signal.

The Global Positioning System (GPS) is a navigation sys-
tem in which a receiver determines its position by precisely
measuring the arrival time of signalling events received from
multiple satellites. Each satellite transmits a navigation mes-
sage containing the precise time when the message was trans-
mitted and ephemeris information. This includes details
about the satellite’s orbit and corrections for the satellite’s
own clock, in comparison with a universal or absolute time
such as GPS time. The ephemeris and clock correction
parameters may collectively be known as ephemeris informa-
tion.

GPS signals are formed of a navigation message binary
phase shift modulated (BPSK) onto a direct sequence spread
spectrum signal. The spread spectrum signal comprises a
unique pseudo-noise (PN) code that identifies the satellite.
For civil application GPS signals transmitted using the [.1
frequency, this code is known as the C/A code. The C/A code
has a sequence length of 1023 chips and it is spread with a
1.023 MHz chipping rate. The code sequence therefore
repeats every millisecond. The code sequence has an identi-
fied start instant when the two code generators in the satellite
justtransition to the all state. This instant is known as the code
epoch. After various transport delays in the satellite, the code
epoch is broadcast. This event is called a signalling event and
can be recognised, in suitably adapted receivers, through a
process of aligning a replica code with the code received from
each satellite.

The navigation message has a lower data rate of 50 bits per
second and its start is synchronised with the start of the C/A
code sequence. Each bit of the navigation message lasts for 20
milliseconds and thus incorporates 20 repetitions of the C/A
code. The navigation message is constructed from a 1500-bit
frame consisting of five 300-bit sub-frames. Each sub-frame
lasts for 6 seconds. The satellite transmits the navigation
message and C/A code using a carrier frequency that is an
integer multiple of 10.23 MHz (for the L1 carrier, the multiple
is 154).

In addition to the time and ephemeris information, the data
message also contains the satellite constellation almanac,
parameters representing the ionospheric and tropospheric
delay, health parameters and other information used by some
receivers. There are 25 different frames of data broadcast
from each satellite. Each frame contains identical informa-
tion (apart from time) in sub-frames 1-3 inclusive but cycles
through a pre-assigned sequence of data in sub-frames 4 and
5, which contain almanac and other information.

As mentioned above, a GPS receiver may determine the
time-of-arrival of a signalling event through a process of
aligning a replica code with the code received from each
satellite. The receiver may also use the Time of Week (TOW)
information contained in the navigation message to deter-
mine the time when the signalling event was transmitted.
From this, the receiver can determine the transit time for the
signalling event (from which it can determine the distance
between it and the satellite), together with the position of the
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2

satellite at the time when the signalling event was transmitted
(using the ephemeris information). The receiver can then
calculate its own position. Theoretically, the position of the
GPS receiver can be determined using signals from three
satellites, providing the receiver has a precise time or knowl-
edge of part of the positions, such as altitude. However, in
practice GPS receivers use signals from four or more satel-
lites to determine an accurate three-dimensional location
solution because an bias between the receiver clock and GPS
time introduces an additional unknown into the calculation.

If the satellite signal reception is poor (commonly known
as weak signal conditions), or if the receiver only receives a
short burst of the signal, the receiver may not be able to
decode the TOW information. Without this information, the
GPS receiver may be unable to determine the distance
between it and the satellite with sufficient accuracy because
the receiver will not know the time when the signalling event
was transmitted. Under weak signal conditions or briefly
glimpsed signals, the receiver may also be unable to recognise
the start of a sub-frame since it may not be able to decode the
TLM.

A receiver that has been unable to decode the TOW infor-
mation in the navigation message may nonetheless be able to
deduce some timing information even under weak signal
conditions or from briefly-glimpsed signals. For example, the
receiver may be able to determine a time shift between the
satellite signal’s spreading (PN) code and a locally generated
version of the same, e.g. by correlating the received signal
with a locally generated replica of the PN code or by using an
equivalent signal processing technique. This time shift repre-
sents at least part of the transit time for the satellite signal.
However, since both the PN code in the signal and the locally
generated replica code are of finite length in space (known as
the code wavelength), the correlation operation can only
identify a part of the total time shift. This part of the total time
shift represents the fractional part of the signal transit time
between satellite and user after an integer number of code
repetition intervals have been subtracted. This leaves
unknown the integer number of code repetition intervals the
signal took to travel between the satellite and the receiver.

Inorderto compute its position accurately, the receiver also
needs to be able to resolve discrepancies between the various
clocks in the system. GPS time is defined by an ensemble of
clocks generally located at the US Naval Observatory in
Washington. Each satellite has its own operating clock (usu-
ally one of three on board the space vehicle), which is
approximately synchronised with GPS time. In practice,
however, the satellite clock is bias from GPS time by a small
amount. The receiver clock is also likely to be bias from GPS
time, at least prior to an initial location solution. Uncorrected,
these clock biases introduce significant errors into the loca-
tion calculation.

“GPS Receiver Structures for the Urban Canyon” by Peter-
son et al. presents a method for computing the position of a
GPS receiver in a deep urban canyon, in which the receiver
may obtain brief glimpses of satellites but rarely sees three or
more satellites simultaneously. The method addresses the
problem of having an unknown common system time by
expanding the location calculation to encompass an addi-
tional satellite range measurement and an additional
unknown parameter termed “coarse time”. The Peterson
paper thus proposes a solution in which signals from five
satellites are required for a 3D-location solution.

“Fast Acquisition Techniques for GPS Receivers” by Lan-
nelongue et al. also presents a method for computing the
position of a GPS receiver in which the common system time
is unknown.
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The integer millisecond ambiguity is also addressed by
U.S. Pat. No. 6,417,801, which describes a way of estimating
the integer milliseconds by calculating the geometric pseudo-
range of the receiver to the satellite. The geometric pseudo-
range is calculated using an estimated position of the GPS
receiver and the position of the satellite at an estimated GPS
time. U.S. Pat. No. 6,417,801 estimates the number of integer
milliseconds that the signal took to travel between the satellite
and the GPS receiver from the estimated pseudo-range and
adds this to a measured, sub-millisecond pseudo-range to
obtain a “full’ pseudo-range. The full pseudo-ranges from five
satellites are then used to calculate the location of the GPS
receiver. This technique is also described in “A-GPS: Assisted
GPS, GNSS and SBAS 72” by Frank Van Diggelen (see
chapter 4).

Mathematical techniques may be used to change the
unknowns output by the location calculation. For example,
U.S. Pat. No. 7,064,709 explains that calculating the integer
number of milliseconds using estimated pseudo-ranges is not
always sufficiently accurate and instead proposes a method
whereby a common transit delay, represented as an number of
integer milliseconds, is inserted as one of the unknowns to be
determined as part of the location calculation. U.S. Pat. No.
7,064,709 also proposes that differences may be used to cre-
ate four equations and four unknowns from the five equations
using satellite measurements.

U.S. Pat. No. 6,191,731 also describes making five range
measurements to five satellites and solving the five resulting
equations by weighting and subtracting one from the four
others in order to eliminate a one of the unknown terms. This
is a purely mathematical procedure which, in this example,
cancels the user clock error term from the five linearized
position equations.

These techniques are similar to the differencing methods
used in some land survey implementations in which GPS time
is known. Signals from two different satellites are differenced
at one receiver and that difference is then subtracted from a
similar difference calculated at another receiver. This double-
difference technique allows unknowns such as the satellite
clock error and the receiver clock error to be eliminated from
the calculation. These techniques are generally operative only
within a zone where the location solution converges with a
low error.

There is a need for an improved method of calculating the
position of a GPS receiver when the time at which a GPS
signal was transmitted by a satellite is unknown.

SUMMARY OF THE INVENTION

According to a first embodiment of the invention, there is
provided an apparatus for calculating the position of a
receiver in dependence on the time it takes signalling events
to travel from a plurality of satellites to the receiver, the
apparatus being arranged to, in respect of each satellite:
obtain an indication of a transit time for a signalling event to
travel from the satellite to the receiver, the indication of the
transit time incorporating an integer ambiguity; and form an
indication of an expected transit time for a signalling event to
travel from the satellite to the receiver; the apparatus being
further arranged to: designate one of the plurality of satellites
as a reference satellite; compare the obtained indication of the
transit time and the indication of the expected transit time for
each non-reference satellite with the obtained indication of
the transit time and the indication of the expected transit time
for the reference satellite to form residuals that are represen-
tative of a combined error in those indications of expected
transit time; and calculate the position of the receiver, without
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calculating the integer ambiguities in the obtained transit
times, in dependence on the residuals.

The apparatus may be arranged to use a time-of-arrival of
a signalling event at the receiver as the obtained indication of
a transit time for that signalling event. The apparatus may be
arranged to use a fractional part of a time-of-arrival of a
signalling event at the receiver as the obtained indication of a
transit time for that signalling event.

The apparatus may be arranged to compare the obtained
indications of the transit times for the reference satellite and
each non-reference satellite by measuring a time difference
between an arrival at the receiver of a signalling event trans-
mitted by the reference satellite and an arrival at the receiver
of a signalling event transmitted by the non-reference satel-
lite.

The apparatus may be arranged to form the indications of
the expected transit times by estimating, for each satellite, a
distance between that satellite and the GPS receiver.

The apparatus may be arranged to form the indications of
the expected transit times by, in respect of each satellite:
estimating a position of the receiver; estimating a position of
the satellite in dependence on an estimated absolute time and
ephemeris information; and computing the indications of the
expected transit times in dependence on the estimated posi-
tions of the receiver and the satellite.

The apparatus may be arranged to form adjusted transit
times by removing from each obtained indication of the tran-
sit time for a signalling event a clock bias associated with the
satellite that transmitted that signalling event.

The apparatus may be arranged to represent both the
adjusted transit times and the indications of the expected
transit times in units of one of distance or time, the apparatus
being arranged to form the residuals by, for each non-refer-
ence satellite: subtracting the representation of the expected
transit time for the non-reference satellite from the represen-
tation of the adjusted transit time for the non-reference satel-
lite; subtracting the representation of the expected transit time
for the reference satellite from the representation of the
adjusted transit time for the reference satellite; calculating the
difference between the result of the subtraction in respect of
the non-reference satellite and the result of the subtraction in
respect of the reference satellite.

The apparatus may be arranged to form each residual by
calculating:

(T,d/0)-(Todo/C)
in which:
T, is a fractional part of the time-of-arrival of the signalling
event transmitted by the non-reference satellite minus a clock
bias associated with the non-reference satellite;
T, is a fractional part of the time-of-arrival of the signalling
event transmitted by the reference satellite minus a clock bias
associated with the reference satellite;
aj is an estimated distance between the receiver and the non-
reference satellite;
d, is an estimated distance between the receiver and the ref-
erence satellite; and c is the speed of light.

The apparatus may be arranged to perform a modulo opera-
tion on each residual to identify a fractional part of that
residual, the apparatus being arranged to calculate the posi-
tion of the receiver in dependence on those fractional parts.

Each of the plurality of satellites may be arranged to trans-
mit signalling events at time instants separated by a repetition
interval t., and the apparatus may be arranged to reframe the
residuals in the range +t /2 by identifying a sub-t part of each
residual and, if that result is greater than t_/2, subtracting t.
from that sub-millisecond part.
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The apparatus may be arranged to reframe the residuals in
the range of -0.5 ms to 0.5 ms by identifying a sub-millisec-
ond part of each residual and, if that result is greater than half
a millisecond, subtracting a millisecond from that sub-milli-
second part.

The apparatus may be arranged to represent the reframed
residuals in units of distance and calculate the position of the
receiver in dependence on those distances.

The apparatus may be arranged to form the indication of an
expected transit time for a non-reference satellite by predict-
ing a time-of-arrival at the receiver of a signalling event
transmitted by that non-reference satellite.

The apparatus may be arranged to form the prediction in
dependence on a time-of-arrival at the receiver of a signalling
event transmitted by the reference satellite.

The signalling events may be transmitted at regular inter-
vals by the plurality of satellites, and the apparatus may be
arranged to obtain the indication of the transit time for a
non-reference satellite by: identifying one or more times-of-
arrival of signalling events transmitted by that satellite at the
receiver; forming adjusted times-of arrival for the identified
signalling events by removing from each signalling event a
clock bias associated with that satellite; and selecting, as the
obtained indication of transit time, the adjusted time-of-ar-
rival that is closest to the predicted time-of-arrival for that
satellite.

The apparatus may be arranged to: obtain, as the indication
of the transit time for the reference satellite, a time-of-arrival
at the receiver of a signalling event transmitted by the refer-
ence satellite at a first time according to a clock associated
with the reference satellite; and form the indication of the
expected transit time for the non-reference satellite to be a
prediction of a time-of-arrival at the receiver of a signalling
event transmitted by the non-reference satellite at the first
time according to a clock associated with the non-reference
satellite.

The signalling events may be transmitted at regular inter-
vals by the plurality of satellites, and the apparatus may be
arranged to: obtain, as the indication of the transit time for the
reference satellite, a time-of-arrival at the receiver of a sig-
nalling event transmitted by the reference satellite at a first
time according to a clock associated with the reference satel-
lite; and select, as the obtained indication of transit time for
the non-reference satellite, a time-of-arrival at the receiver of
a signalling event transmitted by the non-reference satellite at
a second time, according to a clock associated with the non-
reference satellite, the second time being different from the
first time.

The apparatus may be arranged to select the time-of-arrival
of the signalling event transmitted by the non-reference sat-
ellite to lie within a predetermined time interval of the time-
of-arrival at the receiver of the signalling event transmitted by
the reference satellite.

The predetermined time interval may be less than or equal
to half the time interval between the regular transmissions of
signalling events by one of the plurality of satellites.

The apparatus may be arranged to form the residual for a
non-reference satellite by performing a subtraction between
the adjusted time-of-arrival of a signalling event selected as
the obtained indication of transit time and the predicted time-
of-arrival for that signalling event.

The apparatus may be arranged to form the residual for a
non-reference satellite by: forming adjusted times-of-arrival
for the signalling events by removing from each time-of-
arrival a clock bias associated with the satellite that transmit-
ted that signalling event; determining a difference between
the adjusted times-of-arrival for the signalling events trans-
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mitted by the reference satellite and the non-reference satel-
lite; determining a difference between the predicted times-of-
arrival for the signalling events transmitted by the reference
satellite and the non-reference satellite; and performing a
subtraction between the determined differences.

The apparatus may be arranged to predict a time-of-arrival
of'asignalling event transmitted by the non-reference satellite
by summing a time-of-arrival for a signalling event transmit-
ted by the reference satellite with: a difference between a
clock bias associated with the non-reference satellite and a
clock bias associated with the reference satellite; and the time
it would take a signalling event to travel the difference
between the estimated distance between the receiver and the
non-reference satellite and the estimated distance between
the receiver and the reference satellite.

The apparatus may be arranged to form the indication of
the expected transit time by summing the obtained transit
time for the reference satellite with the difference between the
first and second times.

The apparatus may be arranged to determine the position of
the receiver by means of an iterative process, the apparatus
being arranged to: for the first iteration, estimate each dis-
tance between the receiver and one of the plurality of satel-
lites in dependence on the positions of the plurality of satel-
lites at the same predetermined time instant; for subsequent
iterations, estimate each distance between the receiver and
one of the plurality of satellites in dependence on the posi-
tions of the plurality of satellites at different predetermined
time instants.

The apparatus may be arranged to, during the subsequent
iterations, estimate each distance at the first and second times.

The apparatus may be arranged to determine the position of
the receiver by applying a relative weighting to each of the
residuals in dependence on a reliability associated with the
obtained indications of transit time used to compute those
residuals.

The apparatus may be arranged to calculate a DOP param-
eter in dependence on a clock bias associated with the
receiver.

The apparatus may be arranged to: determine that the posi-
tion of the receiver calculated in dependence on the residuals
is incorrect; identify the largest of the residuals and adjust that
residual by an amount corresponding to the time interval
between regular transmissions of signalling events by one of
the plurality of satellites; and recalculate the position of the
receiver in dependence on the adjusted residual.

The apparatus may be arranged to determine, for the plu-
rality of satellites, an average line-of-sight velocity, and to
select, as the reference satellite, the satellite having the line-
of-sight velocity that is closest to the average line-of-sight
velocity.

The apparatus may be arranged to determine a direction
vector corresponding to an average of the direction vectors
from the receiver to each of the plurality of satellites and to
select, as the reference satellite, the satellite for which the
direction vector from the receiver to that satellite is closest to
the average direction vector.

The apparatus may be arranged to select, as the reference
satellite, the satellite of the plurality of satellites having
either: the closest line-of-sight velocity to the average line-
of-sight velocity; or the direction vector to the receiver that is
closest to the average direction vector; in dependence on the
relative magnitudes of an error in an estimate of position of
thereceiver and an error in an estimate of the time at which the
signals were transmitted from the satellites.

The apparatus may be arranged to select as the reference
satellite the satellite of the plurality of satellites having an
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optimum combination of line-of-sight velocity and direction
vector in relation to the average line-of-sight velocity and
average direction vector.

The apparatus may be arranged to calculate for each of the
plurality of satellites a metric, Ajz, that is given by the follow-
ing equation:

dp 9p;

2
EW]

A§ = [|Ruaxla- @ — np) + [|[Ruax)b- (A —np))* + [lAlMAxl

in which:

n is a mean of the unit vectors between the receiver and the
plurality of satellites;

1, is the unit vector between the receiver and the satellite;
R, /418 @ maximum error in an original estimate of the posi-
tion of the GPS receiver;

At,, ;15 @ maximum error in an original estimate of a trans-
mission time of a signal from one of the plurality of satellites;

ciths
J

is an average line-of-sight velocity of the plurality of satel-
lites;

%,
ar

is the line-of-sight velocity of the ‘j* satellite;

a and b are orthogonal unit vectors in a tangent plane of the
GPS receiver;
the apparatus being arranged to select as the reference
satellite the satellite that when used as the j% satellite
generates the smallest metric.
The apparatus may be arranged to calculate for each of the
plurality of satellites a metric, Ajoz, that is given by the fol-
lowing equation:

A% =
dp; dpo|]?
Rwsrla- oy =) + DRt (= no)F + Aunar]| 22 - 2|
in which:
1, is the unit vector between the receiver and the * i satellite;

n, is a unit vector between the receiver and the satellite that is
being tested as the reference;

L
ar

is the line-of-sight velocity of the satellite that is being tested
as the reference;

%,
ar

ths

is the line-of-sight velocity of the j”* satellite;
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R, /418 @ maximum error in an original estimate of the posi-

tion of the GPS receiver;

At,, .+ 1s a maximum error in an original estimate of a trans-

mission time of a signal from one of the plurality of satellites;

and

a and b are orthogonal unit vectors in a tangent plane of the

GPS receiver;

the apparatus being arranged to select as the reference

satellite the satellite that, when tested as the reference
satellite, generates the smallest maximum metric across
all °j satellites.

The apparatus may be arranged to select a reference satel-
lite by: selecting each of the plurality of satellites in turn as a
candidate for being the reference satellite; for each candidate
satellite, forming residuals that are representative of a com-
bined error in the indications of expected transit time for the
candidate satellite and each of the other satellites; for each
candidate satellite, identifying a maximum of the residuals;
and selecting as the reference satellite the candidate satellite
corresponding to a minimum of the maximum residuals.

The apparatus may be arranged to select a subset of the
satellites that are visible to the receiver to be the plurality of
satellites in dependence on which the position of the receiver
is calculated.

The apparatus may be arranged to designate one of the
subset of satellites as the reference satellite.

The apparatus may be arranged to, during a first iteration,
calculate the position of the receiver in dependence on a
subset of satellites comprising a first number of satellites and
to, during a subsequent iteration, calculate the position of the
receiver in dependence on a subset of satellites comprising a
second number of satellites, said second number being higher
than said first number.

The apparatus may be arranged to select the subset of
satellites by: forming a candidate set of satellites that are
visible to the receiver; successively identifying which of the
satellites in the candidate set is associated with the smallest
convergence zone and eliminating that satellite from the can-
didate set until the candidate set consists of a predetermined
number of satellites; and selecting the subset of satellites to
comprise the predetermined number of satellites in the can-
didate set.

The apparatus may be arranged to select the subset of
satellites to consist of a predetermined number of satellites in
the set of visible satellites that have the highest levels of
elevation relative to the receiver.

The apparatus may be arranged to select the subset of
satellites to consist of a predetermined number of satellites in
the set of visible satellites that have the lowest line-of-sight
velocities relative to the receiver.

The apparatus may be arranged to calculate the position of
the receiver by testing different integer ambiguities for the
obtained transit times.

According to a second embodiment of the invention, there
is provided an apparatus arranged to determine the position of
a receiver by performing a comparison between a fractional
part of a time-of-arrival at the receiver of a signalling event
transmitted by a first satellite, a fractional part of a time-of-
arrival at the receiver of a signalling event transmitted by a
second satellite and estimated distances between the receiver
and the first and second satellites, and calculating the position
of'the receiver in dependence on a fractional part of a result of
that comparison.

According to a third embodiment of the invention, there is
provided a method for calculating the position of a receiver in
dependence on the time it takes signalling events to travel
from a plurality of satellites to the receiver, the apparatus
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method comprising, in respect of each satellite: obtaining an
indication of a transit time for a signalling event to travel from
the satellite to the receiver, the indication of the transit time
incorporating an integer ambiguity; and forming an indica-
tion of an expected transit time for a signalling event to travel
from the satellite to the receiver; the method further compris-
ing: designating one of the plurality of satellites as a reference
satellite; comparing the obtained indication of the transit time
and the indication of the expected transit time for each non-
reference satellite with the obtained indication of the transit
time and the indication of the expected transit time for the
reference satellite to form residuals that are representative of
acombined error in those indications of expected transit time;
and calculating the position of the receiver, without calculat-
ing the integer ambiguities in the obtained transit times, in
dependence on the residuals.

According to a fourth embodiment of the invention, there is
provided a computer-readable medium encoded with instruc-
tions that when executed by an apparatus for calculating the
position of a receiver in dependence on the time it takes
signalling events to travel from a plurality of satellites to the
receiver, cause the apparatus to, in respect of each satellite:
obtain an indication of a transit time for a signalling event to
travel from the satellite to the receiver, the indication of the
transit time incorporating an integer ambiguity; and form an
indication of an expected transit time for a signalling event to
travel from the satellite to the receiver; and further causes the
apparatus to: designate one of the plurality of satellites as a
reference satellite; compare the obtained indication of the
transit time and the indication of the expected transit time for
each non-reference satellite with the obtained indication of
the transit time and the indication of the expected transit time
for the reference satellite to form residuals that are represen-
tative of a combined error in those indications of expected
transit time; and calculate the position of the receiver, without
calculating the integer ambiguities in the obtained transit
times, in dependence on the residuals.

BRIEF DESCRIPTION OF THE DRAWINGS

For a better understanding of the present invention, refer-
ence is made by way of example to the following drawings, in
which:

FIG. 1A shows the transmission of signalling events by a
GPS satellite;

FIG. 1B shows a GNSS receiver receiving signals from two
satellites;

FIG. 2 shows the timing of two GNSS signals relative to
absolute time with the signalling events materially transmit-
ted at identical times from each member of the satellite con-
stellation;

FIG. 3 shows the steps of a method that may be used to
calculate the position of a GNSS receiver;

FIG. 4 shows the timing of two GNSS signals that are
transmitted at different times relative to absolute time;

FIG. 5 shows the steps of an iterative method that may be
used to calculate the position of a GNSS receiver;

FIG. 6 shows the steps of a method that may be used to
calculate the position of a GNSS receiver, which includes
criteria on which the calculated location may be rejected;

FIG. 7 shows the steps of a method that may be used to
select a reference satellite;

FIG. 8 shows the line-of-sight velocities of a satellite con-
stellation;

FIG. 9 shows the steps of a method for selecting a reference
satellite in dependence on the absolute squared residuals;
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FIG. 10 shows the steps of a method for selecting a refer-
ence satellite in dependence on the average position vector of
the satellites;

FIG. 11 shows the steps of a method for selecting a refer-
ence satellite in dependence on a metric based on an average
position vector and an average velocity vector;

FIG. 12 shows the steps of a method for selecting a refer-
ence satellite in dependence on a metric;

FIG. 13 shows the steps of a method for selecting a refer-
ence satellite-selection method in dependence on whether
time or position errors dominate;

FIG. 14 shows the convergence zones in a six-satellite
constellation;

FIG. 15 shows the steps of selecting a satellite subset in
dependence on elevation angle;

FIG. 16 shows the contour lines of a plurality of conver-
gence zones; and

FIG. 17 shows an example of an apparatus for calculating
the position of a GPS or GNSS receiver.

DETAILED DESCRIPTION OF THE INVENTION

An apparatus may be arranged to calculate the position of
a receiver in dependence on the times-of-arrival at the
receiver of signalling events transmitted by a plurality of
satellites. The times-of-arrival are indicative of the transit
time that it took each signalling event to travel to the receiver.
However, the time at which the signalling events were trans-
mitted may be unknown, and so the times-of-arrival incorpo-
rate an ambiguity with respect to the transit time of each
signalling event. The apparatus may be arranged to address
this ambiguity by designating one of the satellites as a refer-
ence satellite. The times-of-arrival of signalling events
received from the other satellites are then referenced to the
time-of-arrival of one or more signalling events from the
reference satellite. Specifically, the apparatus may form a
residual that is representative of a combined error in the
time-of-arrival of the signalling events from the reference
satellite and one of the other satellites when compared with
expected times-of-arrivals of those signalling events.

One or more embodiments of the invention may be imple-
mented in a satellite navigation or GNSS system, such as
GPS, Globalnaya Navigatsionnaya Sputnikovaya Sistema
(GLONASS), Galileo, etc. Therefore, while one or more
embodiments of the invention are described below specifi-
cally in reference to GPS systems, this is for the purpose of
example only and it should be understood that the scope of the
invention is not limited to GPS systems.

An example of an event is the occurrence of a 1 millisecond
time transition or a code epoch or a data symbol or bit tran-
sition, or similar. The event on each satellite results in the
almost immediate transmission of a signalling event. There
are many such signalling events known to those skilled in the
art. The regular repetition of an event is normal in navigation
satellite systems. The signalling event may therefore be
repetitive, e.g. the start of the C/A code in GPS systems,
which repeats at one millisecond intervals. A repetitive sig-
nalling event can be considered to travel through space sepa-
rated from neighbouring events by a wavelength distance
analogous to the wavelength of a carrier signal. This wave-
length is denoted as A_, and may be referred to as the code
wavelength in the case that the events are separated in space
by repetitions of a code.

An example of a repetitive signalling event is illustrated in
FIG. 1A. This figure illustrates a code repetition cycle in a
GPS satellite. Each satellite clock is free-running but is con-
tinually steered towards a common absolute time reference
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(GPS time). The actual time of occurrence of an event is
therefore determined on each satellite individually. In FIG.
1A, the code repetition cycle is determined by internal GPS
clock 101. Each 1 ms time transition 102 in the internal GPS
clock triggers an event, causing the satellite to generate C/A
code 103. The generated code incorporates a number of code
repetition cycles 104, which each commence at internal code
epoch 105 coinciding with the 1 ms time transitions in the
internal GPS clock. The generated code is subject to a small
delay 106 within the satellite before being transmitted (107).
The small internal delay between code generation and code
transmission results in a small offset between internal code
epochs 105 and external code epochs 108. The external code
epochs are spaced at 1 ms intervals and thus can be considered
to represent an externally-observable version of the satellite
GPS clock. The code is then subject to a further delay due to
the transit time of the signal 109. The GPS receiver may then
align an internal code replica 111 with the received code 110
to generate the internal code epochs 112 from which the
time-of-arrival of the signalling events represented by those
code epochs can be determined.

Typically each satellite will include information in its sig-
nal to enable the receiver to work out the absolute time at
which a particular signalling event was transmitted by the
satellite. In practice, the satellite will have transmitted the
signalling event according to its own clock, which will nor-
mally be offset from absolute time. However, since the
receiver knows what this offset is—either from the ephemeris
or some other source—it can allow for this offset when com-
paring the time it took various signalling events to travel from
the satellite to its location. When the receiver is subject to
poor signal conditions, however, it may not be able to decode
the transmission time information. Although this problem can
be overcome by estimating the transmission time, this still
leaves an ambiguity in the times-of-arrival of the signalling
events at the receiver that needs to be resolved.

The receiver may measure a time-of-arrival for a satellite
signal by identifying a signalling event in the received signal.
One option is for the receiver to perform a correlation opera-
tion, or equivalent processing step, between the received sig-
nal and a locally-generated version of a PN spreading code.
As a result of this process, the receiver aligns an internally
generated replica code with the spreading code received from
the satellite. In so doing, the receiver is able to identify when
it received a particular ‘event’ (e.g. the start of a particular
code sequence) according to its own internal clock. If the
receiver estimates the time when the signal was transmitted
by the satellite, it can subtract it from the time-of-arrival to
obtain an estimated transit time. Unfortunately, the code
wavelength is often shorter than the distance between user
and satellite, so the ‘event’ that the receiver can identify is not
unique but is repeated every code repetition interval. In other
words, although the receiver might identify an event in the
signal having a time-of-arrival t;, a similar event will have
occurred in the signal at time t, -t and another will occur at
time t,+t,, where t. is the code repetition interval. To the
receiver, these events may be indistinguishable from each
other, particularly at low signal levels. Without being able to
decode more of the signal, the receiver does not know directly
which time-of-arrival to compare with the estimated trans-
mission time. So, while the receiver does know the sub-t . part
of the time-of-arrival, it is not clear which is the correct
integer part. This leaves unknown the number of code repeti-
tion intervals, t., in the signal transit time.

The C/A code of civil application GPS signals repeats at 1
millisecond intervals. Under weak or briefly glimpsed sig-
nals, the receiver may only be able to achieve synchronisation
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with the one-millisecond C/A code. The unidentifiable inte-
ger component of the transit time will therefore be an integer
number of milliseconds while the identifiable fractional com-
ponent will be sub-one millisecond. For GPS, the integer
millisecond part of the transit time may typically range from
67 to 86 milliseconds for satellites above a user’s horizon,
resulting in a large number of ambiguous event identifica-
tions. In another example, a GPS receiver may achieve a
greater degree of synchronisation the GPS signals, in which
case the fractional part of the transit time may be greater than
one millisecond. For example, ifthe GPS receiver manages to
achieve data bit or data symbol synchronisation with the GPS
signal, the remaining fractional part of the transit time will be
less than a data symbol or bit interval, which is 20 millisec-
onds.

Thus, when the receiver is subject to weak or briefly-
glimpsed signals, the receiver may only be capable of mea-
suring a fractional part of the transit time (as represented by
the unambiguous part of the time-of-arrival).

The term ‘fractional’ is used herein to refer to any part or
subdivision of the transit time of a satellite signalling event.
The term “fractional’ is intended to cover any modulo value
that may be defined by a satellite navigation signal, either now
or in the future. The fractional part of the transit time will
commonly be less than a code repetition interval. The entire
transit time will typically comprise both fractional and inte-
ger components, but under poor signal conditions the integer
component may be ambiguous and not identifiable. The word
‘integer’ thus refers to any unobserved or ambiguous part of
the transit time and is intended to cover any quotient value
that may be defined by a navigation signal, either now or inthe
future. The integer component may represent an integer num-
ber of code repetition intervals comprised in the transit time.

The term ‘time-of-arrival’ is used to refer to the time at
which a signalling event is received by the receiver. The
time-of-arrival provides an indication of the transit time of the
signalling event.

The time of arrival of a signalling event may be measured
with respect to a timebase within the receiver. The known
timescale of the receiver clock may be used to form estimates
of'the time difference between the arrival of signalling events
from different satellites. The calibration of the receiver time-
base with respect to an absolute time (such as GPS time) is an
undetermined receiver parameter. The calibration may be
achieved by performing a calculation to solve for the receiv-
er’s location. The invention described herein avoids the need
for any such calibration by using the known timescale of the
receiver clock to form estimates of the time difference
between the arrival of signalling events from different satel-
lites. The offset or bias between the receiver clock and abso-
lute time thus does not contaminate the measurements. The
timescale is known through the detailed design of the receiver
system. Typically, the timescale exhibits a small (time) bias
rate compared with absolute time due to component toler-
ances during receiver manufacture. A preferred embodiment
of the invention reduces the dependence upon bias rate to
negligible proportions by selecting signalling events that
arrive within a short time of each other.

Some existing methods for calculating the position of a
GPS receiver in the absence of GPS time address the ambi-
guity in the measured times-of-arrival by calculating the inte-
ger component of the transit time. This calculation typically
uses the initial estimate of the receiver’s position and the
initial estimate of when the signal was transmitted to estimate
a distance between the receiver and the satellite. Since the
satellite signals travel at the speed of light, which is known,
the estimated distance can be used to estimate the entire
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transit time, including the integer number of code repetition
intervals, t.. One or more embodiments of the invention may
be distinguished over these pre-existing techniques by being
capable of resolving the integer ambiguity without having to
calculate a value for that integer.

The apparatus may typically use signals from five or more
satellites to obtain a 3D location-fix on the receiver. If an
additional constraint is placed upon the algorithm (e.g. by
fixing the receiver’s height), then the location algorithm
might require fewer than five satellites. One of the satellites
may be designated as a reference satellite. The estimated
distances and transit times for the other four satellites can then
be compared with the equivalent values for the reference
satellite. This has two advantages: first, it addresses the issue
of integer ambiguity in the measured times-of arrival; and
second, it removes the receiver clock bias as an unknown at
the instant of measurement, as the arrival of each signalling
event is measured with reference to the arrival of the signal-
ling event from the reference satellite. In this way, the receiver
clock bias does not contaminate the measurements and does
not enter into the location calculations. The receiver clock is
used, however, to provide a timescale for measuring the time
differences between the arrival times of the various signalling
events.

The apparatus for calculating the location of a receiver
described herein may be arranged to calculate the receiver’s
location using an initial estimate of absolute time and receiver
position. The calculation may also use ephemeris information
so that the estimated position of the satellite at the estimated
absolute time can be determined. The estimates of receiver
position may be based e.g. on a previously calculated position
of the receiver or on an estimate of position received from
another source, such as a cellular network or by manual input
or from a data input port on the user equipment. The estimate
of absolute time may similarly be based on a previously
calculated value that has been updated with the time that has
elapsed since, or a version of absolute time obtained from a
different source from the satellite (e.g. from a cellular net-
work), from the receiver clock, through manual input or from
a data port. The ephemeris information may have been stored
from a previous location calculation, may be obtained from a
source other than the satellite (e.g. from a cellular network),
or could be obtained directly from each satellite as required,
either in a continuous data stream or as disjoint segments of
the broadcast ephemeris information.

For the location solution determined by means of the
received signalling events to be accurate, the initial estimate
of'the distance between the satellite and the receiver should be
accurate to within halfof the code wavelength, A /2. For GPS
C/A code signals, this gives a required accuracy of 0.5 ms
multiplied by the speed of light, which is approximately 150
km. If the estimated distance is in error by more than A/2,
there is arisk that the error may cause an ‘integer rollover’, i.e.
resultinan incorrect value for the integer part of the estimated
transit time. An integer rollover may also be caused by the
receiver clock bias. In particular, the receiver clock bias may
cause an integer rollover if, when added to the estimated
transit time, the result lies close to an integer t - boundary. One
or more embodiments of the invention may remove this
dependence upon the receiver clock by measuring time-of-
arrival relative to a moving time base that depends on the
incoming signals from the satellites. This may be achieved by
comparing each time-of-arrival or part thereof with a time-
of-arrival of a signalling event received from a reference
satellite.

The apparatus for calculating the position of the receiver
may include the receiver or may be located in the same piece
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of'equipment as the receiver (from which the measured com-
ponents of the transit time can be obtained). In a preferred
embodiment, the apparatus may be a handheld device. The
apparatus may also be separate from the receiver. For
example, the apparatus may be a server. In this scenario the
receiver suitably sends the times-of-arrival to the apparatus
over a communication link. The apparatus may similarly
return to the receiver the result of the location calculation. The
communication link may take one of several forms com-
monly known in the art, such as wireless communication,
packet communication, pager system, internet or other wired
form of communication link.

Each satellite may emit a spreading code sequence, which
is a unique pseudo-noise code specific to the emitting satellite
ina CDMA system. By means of the alignment of an identical
code replica within a receiver, features of the code sequence
can be identified and extracted. One such feature is the code
epoch which is defined as the start position of the code
sequence. For GPS C/A code, this condition typically occurs
when the two generator registers (G1 and G2 as defined in IS
GPS 200E or predecessor versions) transition into a state
where the registers contain the ‘all ones’ condition. The con-
tinuous transmission of the code sequence can thus be repre-
sented as a repetitive series of signalling events, each equiva-
lent to the transmission of the code epoch. The time of
reception of the signalling event may be determined from an
equivalent replica code generator in the receiver, as aligned
with the received signal from the satellite, at the instant when
it too arrives at the same transition into the ‘all ones’ state.

The various embodiments described herein involve values
represented in units of both distance and time. These values
often relate to the transit of GPS signals, which have a known
speed (the speed of light), and so can generally be readily
converted from values expressed in terms of distance into
values expressed in terms of time and vice versa. The equa-
tions given below are generally expressed in terms of time as
this is the basis upon which the satellite signal receiver makes
its measurements of the arrival of signalling events. However,
equivalent distance quantities may be derived through multi-
plication by the speed of light. The equations below can
therefore readily be converted between being expressed in
terms of distance and being expressed in terms of time and are
not intended to be limited in scope to the particular form in
which they are expressed below.

Introduction of the Single-Difference Method

FIG. 1B shows a GPS receiver 113 receiving GPS signals
118 and 119 from two GPS satellites, 114 and 116. Each
satellite is travelling according to a respective orbit (115 and
117). The GPS receiver may designate one of these satellites
as areference satellite. This satellite sets the time base against
which all other signals are measured.

First consider the case of a signal received from single
satellite 114. The time-of-arrival of signal 119 at GPS
receiver 113 can be expressed as:

D(tsar,j) N (By = Bsv,j) N (diono, j + diropo,j) N (69)

c c c

Inx,j = Isat,j &j

where:

t,.. s the arrival time of the GPS signal transmitted by satel-
lite j at the receiver (which in this instance is the full time-of-
arrival rather than just the fractional part; ambiguity in the
measured time-of-arrival and how it may be resolved are

discussed later);
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tsar 15 the absolute time when the signal was transmitted by
the j* satellite;
D, (t,4) is the distance between the receiver and satellite j at
the time when the signalling event was transmitted;
B, is the receiver clock bias, expressed in terms of distance;
Bgy,; is the clock bias of satellite j, expressed in terms of
distance;
d;p0andd,, ., - are the excess delays due to signal transition
through the ionosphere and troposphere, over those in free
space, expressed in terms of distance;
€, is the measurement error, which is mainly due to noise and
multipath errors; and
c is the speed of light in meters per second.

Equation (1) defines that the time-of-arrival of a signalling
event at the receiver is a function of the time at which the
signalling event was transmitted and the time the event took to
travel from the satellite to the receiver. Equation (1) is
expressed in terms of time because the fundamental process
in signal propagation is one of time delay. Hence the distance
terms in (1) are divided by the speed of light to convert these
into the basic time delay quantities. Although equivalent dis-
tance quantities may be used, these are derived quantities in a
measurement procedure and can be obtained through multi-
plication of the time delay by the speed of light, c.

Equation (1) can be extended by comparing signal 119
received from satellite 114 with signal 118 from reference
satellite 116. Rather than consider each time-of-arrival inde-
pendently, the receiver may measure only the difference
between the arrival times. This eliminates the receiver clock
bias, which is identical for both. The receiver clock bias is the
difference between the time held in the receiver clock to an
absolute or reference time, such as GPS time. If it is assumed
that the transmitted events occurred at the same GPS time (as
measured by each satellite), this gives the following equation:

Dj(0) = Do(t)  (Bsy,0— Bsy,j) 2
= + +

c c

Ix,j — 1,0

(diono,j = diono,0 + rropo,j = diropo,0)

+ (Ej —80)
c

Where the reference satellite is designated by the subscript
‘0’ and t designates the absolute time corresponding to the
signalling event transmitted by each satellite.

The bias of the receiver clock, compared with absolute
time, is eliminated for those cases where the signalling events
arrive at the receiver simultaneously. When this does not
happen, there is a small error in the measured difference in
arrival times due to the scale factor of the receiver clock not
being exactly the same as the scale of the absolute clock. This
is basically the rate at which the clock produces ‘second
value’ pulses or, alternatively, the frequency of the local oscil-
lator. With receiver clock scale accuracies of the order of 1
part in 10° or less, these additional errors in measuring the
relative arrival times are usually less than 1 ns. These terms
are, therefore, negligible in most applications.

The actual distances between the receiver and each satellite
are unknown (D,(t) and Dy(t)). However, these values can be
estimated using initial estimates for the receiver’s position
and the GPS time at which the signalling event was transmit-
ted. These estimates may be improved using iterative tech-
niques after sufficient measurements have been taken. The
initial estimate of GPS time can be used with the appropriate
ephemeris information to estimate the position of the satellite.
As mentioned above, the estimates of receiver position may
be based e.g. on a previously calculated position of the
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receiver or on an estimate of position received from another
source, such as a cellular network. The estimate of GPS time
may similarly be based on a previously calculated value that
has been updated with the elapsed time, on a version of GPS
time obtained from a different source from the satellite (e.g.
over a wireless link; from a cellular network; from an external
clock; by manual entry), or simply from the receiver clock.
The ephemeris data may have been stored from a previous
location calculation or may be obtained from a source other
than the satellite directly (e.g. from a cellular network or data
port or elsewhere as in the list above).

Additional unknowns in equation (2) are the full times-of-
arrival, t,. ; and t,, o, since under poor signal conditions the
satellite navigation message may be inaccessible, only a frac-
tional part of those times-of-arrival will be known. Equation
(2) also includes error terms By, and By, which correct for
the clock offsets of the satellites’ reference clocks with
respect to absolute time (GPS) so that all the receiver time of
arrival measurements are brought onto a common timebase.

However, referencing the arrival times of signals from the
reference satellite and the ‘j”” satellite to each other enables
the ambiguity in the measured, fractional parts of these arrival
times to be resolved without the need to calculate the integer
parts of those arrival times. This will be explained initially
with reference to FIG. 2, which illustrates the timing of events
at a target user receiver. FIG. 2 illustrates one preferred
method by which the measurement of signalling event arrival
times is used to resolve the transit time ambiguity generated
by repetitive signalling events.

Common-Transmission Interval

The horizontal axis of FIG. 2 represents absolute time
(207). For the GPS satellite system, this is GPS time as held
atthe US Naval Observatory in Washington D.C. At time 201,
a repetitive event ‘i’ occurs in the satellite constellation. An
example of an event might be the occurrence of a 1 ms time
transition or a code epoch or a data symbol or bit transition, or
similar. As each satellite clock is free-running but steered
towards a common absolute time reference (for example,
GPS time), the actual time of occurrence is determined on
each satellite individually. There are many such choices for
the signalling events known to those skilled in the art since the
identified event is repetitive. The event on each satellite
results in the immediate transmission of a signal. These are
referred to as ‘signalling events’. The regular repetition of an
event ‘1’ is normal in navigation satellite transmissions using
ranging techniques. The signalling event can be considered to
travel through space, separated from neighbouring events by
a wavelength distance analogous to the wavelength of a car-
rier signal. This wavelength is denoted as A, (211) and is often
referred to as the code wavelength.

The moment of emission from the satellite antenna’s code
phase centre is identified generally by event 201 but modified,
as described above, for each individual satellite by the satel-
lite’s reference clock offset. The reference satellite ‘0” has a
clock bias shown as the time interval 213. The reference
satellite, shown in the FIG. 2, transmits the signal associated
with event ‘i’ before the correct GPS time. A second satellite,
denoted as ‘j’, has a satellite clock bias 214 which results in a
delayed transmission of the signal associated with the event
“4°. The difference between the reference and 5§ satellite
clock biases is shown as the interval 202 as the “single-
difference satellite clock bias”. This time interval is also
shown as the identical interval at 208 but commencing at the
instant of the reference satellite’s i signalling event arrival,
203. The arrival of the signal from the satellite ‘j” in response
to the transmission of signalling event ‘i’ is received at time
205.
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The repetitive events such as ‘i’ are at least partially, indis-
tinguishable from each other, particularly at low signal levels.
This is indicated in FIG. 2 by the arrival from satellite ‘j° of
signalling events ‘i-1" and ‘i+1” (shown at 204 and 206
respectively). The times-of-arrival of all three of these events
is indicative of a transit time it took those events to travel to
the receiver, and therefore each time-of-arrival incorporates
an ambiguity with respect to those transit times.

The estimated distances between the receiver and each of
the satellites are calculated, based on the estimate of absolute
time and the satellite ephemeris information. The difference
between these estimated distances is shown in FIG. 2 as VD,
(209). Adding the range difference to the single difference of
the satellite clock biases, VB, gives an estimate of the time
difference to be expected between the arrival of the signals
associated with event ‘1’ from each satellite. This value can be
combined with the time-of-arrival of the reference satellite
signal 0’ to determine an expected arrival time for the §*’
satellite signal (210). As illustrated in FIG. 2, any of 204, 205,
206, or similar arrival times, could be candidates for the
correct arrival time.

Preferably, the time-of-arrival is selected to be that arrival
time which minimises the single difference range residual
V1,50 (212). In FIG. 2, the correct choice for the signalling
event arrival time is 205 as the single difference range residual
given by times 204 and 206 are both larger (and larger than
half the code wavelength, A/2). The algorithm may be
designed to select the correct arrival time for the signal asso-
ciated with event ‘i’ from satellite ‘j” provided the error in
estimating absolute time is small and the estimated location
of the receiver lies within a region which is defined as a
convergence zone. Ifthe receiver’s estimated location does lie
within the convergence zone, as discussed below, the time-
of-arrival measurements selected using the process described
aboveuniquely identifies, in a single step, the correspondence
of the received events to the estimated range difference
between the reference and j* satellites. Errors in the estimate
of absolute time cause errors in the estimated locations of the
satellites (for example, satellite ‘0’ and satellite ‘j°). These
errors are ultimately reflected in errors in VD,, (209) and are
constituent parts which define a convergence zone, inside of
which the algorithm operates correctly.

Ifthe userreceiver lies outside the convergence zone, a next
best choice for the correct signal arrival time might be 206
(the arrival time with the next to minimum range residual). In
order to test the correctness of this alternative choice, a metric
is required such that the metric is minimized (or maximized)
when the correct convergence zone is selected.

If'there are 6 or more satellite signals present at the receiver
input, at suitable signal levels, it is possible to test if the single
difference range residuals and the correspondence between
transmitted and received signalling events has been correctly
selected. A suitable metric for the procedure involves deter-
mining the ‘a posterior’ (i.e. post location solution) range
residuals between each of the satellite’s positions and the
estimated user position. If the sum of the squares of the range
residuals is large (greater than a predefined threshold of, for
example, 100 m> per satellite contribution), it is likely that the
initial estimate of user position lies outside the convergence
zone. An iterative procedure may be invoked to expand the
area of the convergence zone, thereby rapidly finding the
correct region for the initial estimate of the user position from
which the minimum ‘a posteriori’ range residual solution can
be found. This enhanced convergence zone solution tech-
nique is more completely described below.

Working through the process described above and illus-
trated in FIG. 2 identifies the full times-of-arrival that mini-
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mise the single difference residual. The residual is indicative
of'an error in the original estimates of position and time. With
the full times-of arrival having been identified, the initial
estimates of position and time can now be updated based on
the identified arrival times.

The diagram in FIG. 2 is not intended to limit the invention
to any particular sequence of steps for identifying the correct
time-of-arrival for a signal transmitted by a GPS satellite.
FIG. 2 is rather provided to aid understanding of how com-
paring relative timings resolves the ambiguity in times-of-
arrival in a single step when the initial user position lies within
an identified convergence zone. The arrangement shown in
FIG. 2 is only one of many that are capable of correctly
identifying time-of arrivals. As one example, the signals from
the reference satellite could arrive either before or after those
from satellite ‘j°. The various components used in the calcu-
lation of the minimum single difference range residual could
be combined in any associative order to form the same con-
clusion as to the correct arrival times. Those skilled in the art
will appreciate that any suitable combination of the arrival
times, estimated ranges between the satellite and user receiv-
ers and the satellite clock offsets could be used to identify the
correct arrival time of the signal from satellites ‘0’ and .

The single difference residual can be expressed by the
following equation (on this occasion expressed in terms of
distance, but has been derived from a similar expression using
transition times):

V¥ jo=VR,x jo— (éj(le)—éo(le)"'VB o (3)

where:
Vr, jo 18 the single difference residual, the error arising from
errors in the original estimates of GPS time and GPS receiver
position;

VR, , is the difference in range between the reference sat-
ellite and satellite j as indicated by the times-of-arrival of the
signals from those satellites;

D(t,) is the estimated distance between the GPS receiver and
the reference satellite at the estimated GPS time, t,;

Dy(t,) is the estimated distance between the GPS receiver and
satellite j at the estimated GPS time, t_; and

VB, is the difference in the clock biases of the reference
satellite and satellite j.

Equation (3) assumes that the ionospheric and tropospheric
delays can be ignored or corrected using broadcast models or
by other means (such as by dual or triple frequency measure-
ments) or are absorbed into the measurement noise term.

As can be seen from equation (3) and FIG. 2, the residual is
representative of a combined error in the expected times-of-
arrivals of signals transmitted by the reference satellite and
the i satellite when compared with the actual times-of-
arrival of those signals. By using this combined error as the
basis for calculating an improved estimate of receiver posi-
tion, rather than the transit time of the signals, the unknown
receiver clock bias has been removed as an unknown at the
instant of measurement, and plays no part in forming the
update.

The operation shown in FIG. 2 may be performed for all
satellite measurements (jel . . . n) to generate a full set of
single difference measurements. Typically, the measurements
from a minimum of five satellites (one reference satellite and
four other satellites) will be required for a 3D-location fix.
The single difference range residuals are then used to calcu-
late the position and absolute time update.

Various mathematical techniques can be employed to gen-
erate the updated position and time. These techniques are
well-known in the art and will not be described in detail,
although a brief explanation of one suitable technique is given
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below for completeness. However, it should be understood
that this is for the purposes of example and to demonstrate the
existence of known methods. In general, any suitable alter-
native method may be employed for updating the initial esti-
mates of position and absolute time in view of the measured
arrival times.

Equation (3) defines a single difference residual as repre-
senting an error in the originally estimated distances between
the receiver and the satellites when compared to the ranges
that are indicated by the measured arrival times of the satellite
signals. The estimated distances are themselves dependent on
the initial estimates of receiver and satellite positions, with
the latter being dependent upon absolute time. Therefore, it is
possible to express the single difference residual in terms of
those initial estimates.

The distance between the j* satellite and the receiver may
be defined as the Euclidean norm of the difference in vector
positions, (Xs;,~X), where X, is the position vector of the j h
satellite and x is the position vector of the receiver. The
estimated distance between the j satellite and the receiver
may be defined as the FEuclidean norm of the difference in
vector positions, (Xgy-(t,)-X,), where X, (t,) is the position
vector that corresponds to the location of the j” satellite at an
initial estimate of (GPS) time t, and x,, is the position vector
corresponding to an initial estimate of the location of the
receiver. This gives rise to the following equations:

D0 = \ sy, 1(0) 0% + sy (0 = ) + sy (0 - 2 @

D) = \/(st,j(fe) = %0)% + (Vsv, /(1) — Yo )? + (zsv, ;1) — 20)?

The expression for ﬁj(te) can be substituted into equation
(3) to give an expression for the single difference residual in
terms of the initial estimates of receiver position and GPS
time. The aim is then to compute updated estimates for
receiver position and GPS time using the full times-of-arrival
identified using the process illustrated in FIG. 2. However, the
result of substituting equation (4) into equation (3) is a non-
linear equation that is not readily solved. A pragmatic, and
commonly used, approach is to linearly expand equation (3)
around the initial estimates (X, t.) using a power series such
as Taylor’s Series. Provided the time and distance errors are
small enough to satisfy the requirements of a linear model, the
distances can be replaced by equations using only the first few
terms of the power series. Specifically, the equations (4) can
be made linear using only the first two terms of the power
series expansion. This method is well known to those of skill
in the art.

Using a Taylor Series approximation, limited to the first
two terms, equation (3) can be written as:

®

Vo —Veos(a?)) —Veos(ad) —Veos@d) (o) - py)
Ax
Vo —Veos(ad,) —Veos(ad) —Veosled) (b, = py) R
. . . Yy
= a2
Ar
Vo ~Veos(ad,) -Veos(al,) —Veos(ah) (b, - py)
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Or, more compactly in matrix form, as:
Vr=VHAX

where

Vr,, are the single difference range residuals for the i satel-
lite and the reference satellite;

V cos(a,”), V cos(a,,®) and V cos(a, %) are the differences in
the direction cosines for the j* satellite and the reference
satellite;

VH is defined as the single difference observation matrix,
which can be derived from the observation or geometry
matrix;

p, is the velocity of the i satellite resolved along the line-of-
sight between the receiver and the j” satellite; and

Ax, Ay, Az and At are the errors in the originally estimated
user position and GPS time.

The final column of matrix VH may be divided by factor K
as apre-conditioner, to improve the conditioning of the geom-
etry matrix. For example, a pre-conditioner of 1000 may be
used, which effectively converts the p from meters per second
to meters per millisecond. Pre-conditioning makes no differ-
ence to the solution but may improve numerical stability,
particularly for fixed point implementations.

Notice that equation (5) does not include the user’s receiver
common (or clock) bias as referencing all measurements to a
time base set by the reference satellite has removed this as an
unknown element at the instant of measurement.

The equation can be exactly solved with a minimum of four
single difference measurements (using five satellites). There
is a unique solution which provides corrections to (X, t):

Ax=VH'-Vr ©®

The new estimate for the position vector of the receiver and
absolute time becomes:

*=1X1,l+Ax

x=lxyzt!T

M

This process is distinguished from the prior art in that: (i)
no calculation is required to determine the integer millisec-
onds in the times-of-arrival; (ii) no rounding process is
required; and (iii) there is no iterative procedure required to
find the correct time of the arrival of the event ‘i’ from satellite
‘J’. Instead, a simple selection of the correct arrival time may
be made by minimising the single difference range residual,
providing the correct solution when the user position is within
a convergence zone. Note that the process of minimizing the
signal difference range residual involves the satellite clock
bias terms, previously overlooked in the prior art.

If there are more measurement residuals than unknowns, a
least squares solution, which minimizes the norm between the
a posteriori measurement residuals and resulting location
solution, can be found using the Moore-Penrose Inverse, oth-
erwise known as the pseudo-inverse, of the single difference
geometry matrix, VH. The least squares solution may use
weighted single difference measurement residuals if there is
an available measure of their quality. Such solutions are then
known as weighted least squares solutions. These can be
useful in de-weighting noisy or unreliable measurements,
including, for example, those arising from satellite measure-
ments at low elevation angles in which there is a higher
uncertainty due to ionospheric or tropospheric errors contri-
butions.

Another situation in which a weighted least squares solu-
tion is desirable is where the measurements have been taken
from different satellite constellations, in which the user
equivalent range errors (UERE) are significantly different.
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This enables a less accurate system (with higher UERE) to be
weighted lower in the solution than the more accurate mea-
surements.

For an (un-weighted) least squares solution with a number
of'satellites greater than five, the update to the estimate of user
position and GPS time is found from:

Ax=(VH*-VH)"L.VHTAr (8)

In order to be able to efficiently invert the matrices of the
previous equations, there are necessary conditions that must
be fulfilled. These are that the determinant of VH or
(VH?-VH) must not be zero:

Det(VH)=0 or

Det(VHT-VH)=0 ©)]

However, even if the matrix is not singular, this condition
alone does not guarantee that the equations are well-condi-
tioned. Specifically, the equations are not well-conditioned if
any of the (p,—p,) terms are near zero. This condition can
occur even for satellites in that lie in different directions from
the receiver (i.e. are in different parts of the sky). Single
difference measurement residuals with this condition degrade
the estimation performance of GPS time. Such measurements
could be excised, if required, to eliminate the noise and mul-
tipath contributions from the identified satellite.

A further aspect to the conditioning of the single difference
matrix, VH, relates to its condition number. The condition
number of a matrix is a well-known metric. There are a
number of derivations and these are typically based on an
operator which provides a matrix norm, ||A]. The general
form for the condition number «x is:

=4

For anorm operator, |||, in an L, space, a simplified form of
the conditioning number for a normal matrix can be derived
from the ratio of the largest and smallest eigenvalues. This
simplification does not provide a solution for unitary matri-
ces. However, VH in the GPS location problem solution is not
unitary. If the condition number is large, the process of inver-
sion of the matrix by a computational machine can be subject
to significant numerical errors due to the rounding process in
digital machines with finite numerical range.

In the case of determining absolute (GPS) time, it can be
established that the condition number of the single difference
geometry matrix, VH, is large. The cause of this lies in a
disparity of the errors in the two different variable classes,
range or equivalent time differences for the position vector in
the first instance and GPS time error measured through
velocities in units of meters/second. Through a suitable
change of scale, the conditioning number can be made
smaller by perhaps a factor of 10°. One suitable means to
re-scale the variables is by changing the line-of-sight veloci-
ties to a scale of meters/millisecond (a factor of 10° over the
natural scaling, as mentioned above).

A step-by-step illustration of the method described above
is shown in FIG. 3. The method may be applied in any suitable
apparatus in communication with the receiver for obtaining
the measured arrival times. The apparatus could be located in
the same equipment as the receiver, in equipment adjacent to
the receiver or in equipment remote from the receiver.

At step 300, the apparatus obtains navigation data contain-
ing ephemeris parameters for members of the visible satellite
constellation. At step 301, the direction cosines to each of the
satellites, for which data is available, are computed using the
a priori estimate of absolute time and user position. At step
302, a selection is made of the algorithm to be used to select
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the best satellite to use as the reference. At step 303, the
selection algorithm is implemented. In addition, the esti-
mated distance to the reference satellite is also computed. At
step 304, one of the satellites denoted as satellite ‘j°, which
has not otherwise been processed and is not the reference
satellite, is selected. An estimated range is computed between
this satellite at the estimated absolute time and the estimated
user position. At step 305, the receiver measures the arrival
time of the signalling event used to form a range from this
satellite together with the similar signalling event from the
reference satellite. Corrections are applied for the satellite
clock offsets and the single difference in estimated satellite
transit times. These figures can be converted to equivalent
range estimates as required. From this measurement data, a
single difference measurement residual is formed for satellite
‘)’ which minimises the value of Vr,,. The process is repeated,
at step 306, for all the members of visible constellation for
which ephemeris information is available.

At step 307, when all the satellite measurement data has
been received and single difference measurement residuals
have been computed, a computation is performed to establish
a correction to the initial estimate of the user position, based
on the satellite measurements. A further result of the compu-
tation is that a correction to the estimate of absolute time is
obtained. The new estimates of user position and absolute
time can be used again in the same computation to obtain
better estimates through a process of iteration (an example of
an iterative procedure is shown in FIG. 4). This is often
beneficial as the improved user position and absolute time
estimates result in improved direction cosine values, even
though no new measurements are available or processed. The
process usually only requires only a few iterations before the
results become stable. After this stage, further iterations tend
not to improve the result. At step 308, the resulting user
position and absolute time can be further processed by means
known in the art to estimate the local receiver clock common
bias term, if required.

The explanation above assumes that all event-related sig-
nals are transmitted substantially at the same time (according
to the satellite’s own clocks, which are bias by different
amounts from absolute time). In other words, transmission is
assumed to occur more or less simultaneously at all satellites
in the constellation at the estimated absolute time, t, (see e.g.
FIG. 2). However, this is not a necessary limitation of the
method. Other measurement arrangements are also possible,
in which the transmission of signalling events corresponding
to the reference and j” satellite are separated in time. Indeed,
this can be advantageous in some scenarios: for example, if
the receiver is moving during the measurement interval (as
explained below) or to minimize errors due to the slight
difference in timescales of the absolute time and receiver
clocks.

Common-Reception Interval

Typically any separation in the transmission times of two
different events from two different satellites corresponds to
an integer number of code repetition intervals. By applying
similar reasoning to that followed above, the expected arrival
times for different events can be determined using the integer
number of code repetition intervals that will separate their
transmission times, the difference in the estimated distances
between the receiver and the reference satellite and the
receiver and the j” satellite and the difference in the satellite
clock offsets. One reason for choosing to use the arrival of
different events at the receiver is that it enables the arrival
times of those different signalling events to be selected to lie
within a specific time interval. For example, it might be ben-
eficial to select the different events so that these are received
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within a single code repetition interval (A _/c) at the receiver.
Provided the user is within the convergence zone, the differ-
ence between the estimated time of arrival and the corre-
sponding measurements will be less than (A/2c) once an
allowance is made for the satellite clock offsets. The common
reception interval arrangement ensures that there is a unique
correspondence between measured time of reception and the
transmission time of the signal corresponding to the identified
event in the code generator in the satellite.

One advantage of being able to select the arrival times so
that they lie within a specific time interval is that it can help
mitigate the errors due to receiver motion. The receiver is
often subject to motion having two identifiable components.
The first is due to the rotation of the Earth while the second is
due to the (usually powered) motion of the receiver against
the surface of the Earth. In the first case, the effects of this are
automatically allowed for in the use of a coordinate system
based on Earth Centred Earth Fixed (ECEF) frame. However,
the effects of motion against the surface of the earth are not
provided for in the ECEF framework.

If the velocity of the receiver is known, the motion of the
receiver between the various times of reception of the event T
shown in FIG. 2 can be compensated. Often, however, knowl-
edge of receiver motion is not available except through using
GPS measurements. In this case an alternative version of FIG.
2 can be constructed in which the measured arrival times of
satellite events are arranged to lie in a window no larger in
distance than +A /2, or in time *+A /2c, where c is the speed of
light. This is illustrated in FIG. 4. The benefit of a processing
technique which minimizes the difference in signal event
arrival times is that it tends to desensitise the location solution
to receiver motion and biases in the receiver clock timescale
since the receiver is in substantially the same position for each
satellite’s time of arrival measurements. In this case, the
signals, which arrive during the allowed time window of
xA/2c from different satellites, result from signalling events
emitted at different times. The specific events will depend
upon the integer component of the single difference residual
corrected for single difference satellite clock bias. The effect
of swapping a difference in arrival time for a difference in
transmission time is to effectively exchange receiver velocity
against the earth’s surface for changes in the satellite position
resolved along the line-of-sight between the satellite and the
receiver. The resultis an improvement is in the accuracy of the
resulting location solution.

Using different transmission events introduces an extra
complication in determining the positions of the satellites as
these must be calculated using the correct respective trans-
mission times of the different signalling events and not at a
common GPS or absolute time.

However, it is still possible to obtain a solution if the
location calculations do not include this correction for either
measurement or transmission times or satellite location or a
combination of both. The location determined using this strat-
egy may incorporate a higher error than if the different trans-
mission times had been accounted for. This error may be
reduced in a second step, by employing an iterative process.
For example, the first step of the iterative procedure might
assume a common estimate of absolute time for the determi-
nation of the satellite locations to compute receiver location
and improved estimates of absolute or GPS time. Later itera-
tions might then use the different transmission times of the
signalling events and the satellite position estimates for these
times. This has a small but significant effect on the estimate of
satellite location as GPS satellites typically move at an along-
track velocity of approximately 4 meters/ms. Errors in trans-
mission time of up to 10 ms can thus result in satellite line-
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of-sight position errors of up to 8 meters. This is sufficient to
be a significant error source in the user’s location solution.

FIG. 4 represents a series of time related events represented
on an absolute (or GPS) time scale 415. In the figure, event
(i-k) occurs at GPS time t, (401). The transmission of the
events from satellite T is subject to a delay 402 in comparison
with absolute (or GPS) time 401 resulting from the bias
between the satellite clock or time reference and absolute
time. Therefore, event (i-k) is actually transmitted at absolute
time (403). FIG. 4 also shows the transition of event (i-k) to
the receiver and its receipt at 413. The transmission of event
T from the reference satellite is subject to a similar satellite
clock synchronization error (or bias) except that, for illustra-
tive purposes, the transmission time is an advance 404 in
comparison with absolute time 405. As a result of this clock
bias, event T is actually transmitted by the reference satellite
at 406 and is received by the receiver at 410.

The time scale of FIG. 4 is marked in intervals of the
repetition interval 407 for events of the same category as
events ‘(i-k)’ and T. One example of the events used is the
code epoch emissions which can be derived in the receiver
through the process of correlation with a replica code. The
repetition interval corresponds to the time taken for light to
travel over one event (e.g. code) wavelength.

The signal carrying event T from the reference satellite
arrives at time 410 whilst the signals carrying events (i-k-2),
(i-k-1) and (i-k) from satellite T arrive at times 408, 409 and
413 respectively. All of these events are indicative of a transit
time. The arrival times of the signalling events are corrected
for satellite clock offsets using information that is available in
the ephemeris information. The corrected arrival time for
event T from the reference satellite is 411 and the corrected
arrival time for event (i-k) from satellite T is 412. The cor-
rected arrival time for event (i-k-1) (which is not shown, but
which s also a candidate for consideration) is at a time greater
than +A /2c¢ (time units) from the corrected reference event
arrival and is consequently rejected. The single difference
between the measured arrival times for events ‘i” and (i-k)
after correction for the satellite clock biases is shown at 417.
Note that if the minimum single difference were formed
before correction for the satellite clock biases, then event
(i-k-1) would have been selected as the event from satellite T
(409) resulting in the minimum single difference, since the
uncorrected arrival time of event (i-k-1) is the closest of all the
events received from satellite T to signalling event ‘i” from the
reference satellite. After correction for the satellite clock
biases, event (i-k) becomes the event resulting in the mini-
mum single difference. This illustrates the significance of
using the satellite clock bias information in selecting the
decision boundaries for the minimum range in the arrival
times of the signalling events. This may improve the perfor-
mance of the selection algorithm in determining the largest
convergence zone.

The estimated arrival times are shown at 414 for the refer-
ence satellite and 418 for the arrival of event (i-k) from
satellite j” after they have been corrected to account for the
different transmission times of events ‘i’ and (i-k). The
residual single difference in these ‘a priori’ estimated arrival
times is shown at 416 after correction (subtraction) for the
differences in transmission times of signalling events ‘i’ and
(-k).

The residual single difference time of arrival or range may
be computed from the difference between the measured val-
ues after satellite clock bias correction (417) and the differ-
ence between the estimated times-of-arrival after event delay
compensation (416).
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Although FIG. 4 shows a residual being calculated based
on the transmission of different events from the respective
satellites, that residual is nonetheless still representative of a
combined error in the expected times-of-arrivals of signals
transmitted by the reference satellite and the j” satellite
when compared with the actual times-of-arrival of those sig-
nals. The computation differs from that shown in FIG. 2,
however, in that the absolute or GPS time of transmission is
no longer eliminated. Preferably the appropriate delay com-
pensation to account for the different transmission times is
performed when forming the residual (using intervals 416 and
417).

As noted previously, it will be understood that the trans-
mission delays or advances shown in FIGS. 2 and 4 are
subject to the relative delay or advance of the clock in each of
the satellites. For GPS C/A code transmissions, as an
example, the delay or advance is not permitted to exceed
976.6 psec. Other GNSS systems may have different permit-
ted limits for the satellite clock excursions, for example Gali-
leo satellites may exhibit a delay or advance as large as 40 ms.
Any satellites can exhibit a delay or advance in accordance
with their clock behaviour. It is not intended to be a require-
ment that any satellite has either a delay or advance. The clock
biases shown in the figures are for the purposes of example
only.

FIG. 5 shows a similar method to that of FIG. 3 but with the
process being performed iteratively and using signal events
transmitted at different times (such as in FIG. 4). The method
commences at step 501 with the provision of estimates of
receiver position and GPS time. The parameters for satellite
orbital models and satellite clock biases may be obtained by
reading the broadcast satellite navigation data message or
from a non-satellite source such as a terrestrial wireless
source.

At step 502, the positions of the members of the satellite
constellation or a subset, are computed using the GPS time
estimate. The range of each satellite to the receiver can then
also be estimated. At step 503, the receiver measures the
ranging signal from each satellite, including the reference
satellite. Corrections are applied for the satellite clock biases
at step 504.

The process illustrated in FIG. 5 differs from that shown in
FIG. 3 in that the reference satellite is selected only after the
ranging signals have been received and compensated for
transmission time offsets. The timing of the reference selec-
tion may be dependent on the algorithm used to select the best
candidate for the reference satellite. In some scenarios it may
be advantageous to select the reference after the ranging
signals are received as the receipt of these signals can provide
some valuable data on which to base the selection.

In step 506 the event transmission times are selected so as
to minimize the range of arrival times, given the clock biases
of the various satellites. In step 507, the single difference
range residuals are formed from the measured times-of-ar-
rival and estimated times-of-arrival. The direction cosines are
computed. The satellite velocities are determined so that
errors in the estimates in absolute time can be corrected
through application of the methods and apparatus disclosed in
this description.

In step 508 updated versions of the user position and abso-
Iute (GPS) time are computed. If those updates are not sig-
nificantly different from the previous estimates (which in the
first iteration will be the initial estimates) the procedure may
come to an end in step 512. However, if the check performed
in step 510 indicates that the updates were significant, the
procedure may be repeated, through iteration, by computing
new estimates for receiver position and absolute time (which
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may be formed by simply adding the updates to the initially
estimated values) in step 510. In step 511, the positions of the
satellites may be re-estimated based on the updated value of
GPS time. The positions of the satellites may also be esti-
mated by taking into account the differences in the transmis-
sion times, rather than assuming a common absolute time for
the transmission of all relevant signalling events. The proce-
dure may then return to step 505 for re-selection of the refer-
ence satellite.

Alternatively, as shown in FIG. 5, the procedure may iter-
ate back to a later step in the procedure, such as steps 506 or
507.

As before, the sequence of steps shown in FIG. 5 may be
applied in any suitable apparatus in communication with the
receiver for obtaining the measured arrival times. The appa-
ratus could be located in the same equipment as the receiver,
in equipment adjacent to the receiver or in equipment remote
from the receiver. It should be understood that FIG. 5 relates
to just one possible embodiment of the invention and different
sequences may be equally suitable for implementing the
invention. In particular, the labelling of some paths as being
‘optional’ in FIG. 5 should not be taken to indicate that other
paths illustrated in the figure are essential.

Ifthe estimate of the range between the receiver and one of
the satellites is too far from the correct value, this will often
result in an incorrect location solution. Such failures may
occur when the estimated user location and GPS time uses up
most or all of the available uncertainty in one or more of the
measurements, thereby resulting in an uncertainty that takes
the calculation outside of the convergence zone. If the excess
uncertainty is only small, a reversionary procedure may be
used to find which range measurement is in error and substi-
tute the correct value. This shows improved performance over
a random search algorithm whereby every possible location
and time in a known uncertainty volume are tested until a
correct solution is found. In the prior art such tests are per-
formed in an indiscriminate way, with no means to select
which are the locations and time which offer the highest
probability of success.

In the present disclosure, a reversionary method is estab-
lished which may be progressively applied to regions with
ever increasing uncertainty. The reversionary method
involves identifying which of the original range estimates
may have been the most likely to be in error through identi-
fying one or more single-diftference residuals that are larger
than the others and adjusting those outlying residuals by A..
The reversionary method can be explained by way of a
straightforward example in which all of the a priori measure-
ment residuals (found by forming the single difference
between estimated range from user location to estimated sat-
ellite location and the measured satellite to user range) are
close to zero, except for one. In this example, the outlying
residual is close to A /2. If the sum of the squares of the a
posteriori measurement residuals is large, a second location
computation is formed after the large a priori residual is
adjusted. The large a priori residual may be adjusted by add-
ing or subtracting A (whichever will give an adjusted residual
closest in magnitude to the original residual). Thus, this pro-
cedure selects the nearest-neighbour (in magnitude) ambigu-
ity value to the original residual. If there is only one a priori
residual that is significantly larger than the others, selecting
analternative (but larger) choice of residual will often provide
a correct location and time solution. That correct solution will
typically generate a low a posteriori sum of squares of the
residuals.

This reversionary technique may also be used to expand the
convergence zone, and this is described below.
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The description above gives a general explanation of how
the location of a GPS receiver can be determined under weak
signal conditions without having to calculate the integer
ambiguity in the measured arrival times. An example of how
these principles might be applied in practice is described
below.

Implementation Example

An example ofhow the single-difference method described
above might be implemented in practice is described below.
In this example, the location system is a GPS system and the
receiver is only capable of decoding the C/A code in the
received satellite signals. The signalling events detected by
the receiver are thus code epochs, the time between repetitive
signalling events is 1 ms and the receiver is able to determine
times-of-arrival of the signalling events that are sub-one-
millisecond. This is for the purposes of example only, as the
algorithm described below is equally applicable to other sat-
ellite navigation systems and to scenarios in which the
receiver is able to measure a greater or lesser portion of the
transit time of the signalling event.

The underlying model for the timing of the GPS signals
was given in equation (1), which is repeated below:

D0 N (By = Bsv ;) N (diono,j + diropo,j) N (69)

c c

Inx,j = lgps €i

In which t,; is full time-of-arrival, measured against an
absolute or relative GPS timescale, of the GPS signal trans-
mitted by satellite j at the receiver. Equation (1) can be rewrit-
ten by splitting the full time-of-arrival into its integer and

fractional components:

D;(®) N (By = Bsy, ) N (diono,j + diropo,j) g 1

Ti+Nj=1g+
J J &ps c c

where T, is the fractional, measured part of the time-of-arrival
and N, is the unobserved integer part. The fractional, mea-
sured part of the time-of-arrival is indicative of the transit
time of the signalling event, but that indication is ambiguous
since the integer part of the transit time is unknown.

Correcting for the satellite clock biases, merging the small
random atmospheric and measurement errors and rearranging
the equation into terms that are known, or can be estimated,
and the unknown terms gives the following:

) 12
Fo—— =

i —N;+1,

By
aps + -+ &

c

where:
T, is the fractional, observed time-of-arrival corrected for the
i satellite clock bias or offset;
D (t,) is the estimated distance between the receiver and the
i7" satellite at estimated absolute (GPS) time t,; and
€, is a combined error representing the ionospheric, tropo-
spheric and measurement errors.

Taking the difference with a reference satellite yields the
following equation:

(6=Dy{2.)/ )= (To=Dit)/)—(N-No)+(e-€o) 13)

All of the terms on the left-hand side of equation (13) are
known or can be estimated. The right-hand side of equation
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(13) is close to an integer millisecond since the errors are
small. A modulo operation can be performed on both sides of
equation (13) to remove the integer component as an
unknown:

‘('Ej—éj(le)/c)—('Eo—[)o(le)/c)‘mod lms:(éj_éo)

When evaluated with the estimated distances, rather than
the true distances, correct elimination of the integer term
should be achieved provided that:

(14)

(15)

where A is the distance between repetitive signalling events
and x, and t, are the initial estimates of user position and
absolute time respectively.

The worst case scenario occurs when the i satellite is on
one horizon and the reference satellite is on the opposite
horizon. In this scenario: (D,~D/(x,, t.))=+0.25A . and (Dy—
Dy(x,,1,))=%0.25\_and so the errors in X, and t, should result
in range errors of less than 0.25A_, or 75 km for GPS. This
provides a worst-case scenario for the convergence zone. In
practice, for satellites having realistic orbits and visibility this
worst-case scenario rarely occurs. In fact for GPS, a conver-
gence zone of around 100 km or more is achieved with around
a 99% yield and a convergence zone of 186 km or more is
achieved with around a 50% yield.

In practice, this means that the position of the GNSS
receiver can be calculated using only the fractional times-of-
arrival provided that the initial estimates of receiver position
and absolute time are sufficiently close to their true values.
Returning to matrix equation (6), which represents an
example of how the position and time updates may be calcu-
lated, an example of how the procedure can be adapted to
using a rounding technique will be explained.

DDy (et e))=(Do=Do(¥ot)) <0.5h,

Ax=VH -Vr (6)

The vector Vr can be formed by first constructing a vector

At. The vector At, in units of milliseconds, can be constructed
as follows:

(16)

Since 'Ej are the measured, sub-t, portions of the times-of-
arrival after correction for the satellite clock offsets or biases,
there is a t_ (1 millisecond for C/A code GPS signals) ambi-
guity in equation (16). The integer t_ part is removed by
performing a modulo operation and the result converted into
meters.

AL=1000x[(T;-D /)~ (t4-Dy/0)]

Ar; = mod(Az;, 1) 17

if (Ar; >0.5):Ar; =Ar; -1

Ar;

=< Ar
ST 1000

Once vector Ar; has been constructed equation (6) can be
solved to compute the position and time updates. As before,
equation (6) may be straightforwardly solved using standard
techniques—for example, equation (8) is used to solve for
over-determined least squares systems:

Ax=(VH'-VH) "-AH"-Vr ®)

Therefore, although this version of the method requires a
modulo operation, which is not required in the methods illus-
trated in FIGS. 2 and 4, it shares with those other versions the
elimination of the receiver clock bias and the GPS time
through referencing every time-of-arrival to that of a signal
from a reference satellite. This eliminates the possibility that
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an inconvenient value for the receiver clock bias will lead to
incorrect rounding of the integer ambiguities. The expected
time-of-arrival of the signal from the ‘j*’ satellite is not
directly determined in the way illustrated in FIGS. 2 and 4 but
the expected times-of-arrival are nonetheless indicated by the
D/c terms present in equation (14). Essentially, the modulo
operation enables the fractional times-of-arrival (which
should be the same for each event, ‘i-1", ‘1’, ‘i+1’ etc received
at the receiver), after correction for the satellite clock biases,
to be used rather than having to directly determine full times-
of-arrival. It is possible to use the modulo operation in this
way because taking single-differences has eliminated the
unknown receiver clock bias.

As mentioned above, if some estimates are considered to
be more reliable than others then a diagonal weighting matrix
can be used. A suitable matrix would be a matrix in which the
diagonal elements are estimates of the reciprocals of mea-
surement variance. The weighting may be applied as follows
(weighted least squares solution):

Ax=(VHL-W-VH)y " VHT-W-Vr (18)

Examples of steps that might be performed to compute the
position of a GNSS receiver are shown in FIG. 6. In step 602,
the time-of-arrival measurements are obtained. In step 604,
the satellite clock errors are removed from these times-of-
arrival. The following few steps may then be performed itera-
tively. Preferably three iterations are completed, although two
iterations may often be sufficient to reach convergence. In
step 606, the parameters required to set-up the matrices are
determined, namely the satellite positions, the estimated
ranges of the satellites, the direction cosines and the line-of-
sight velocities of the satellites. In step 608, a subset of
satellites is selected from the satellites in view of the receiver.
This step may only be performed prior to the first iteration. In
step 610, the reference satellite is selected. In step 612, the
single-difference matrix is determined. In step 614, the
single-difference equation is used to solve for an update to the
receiver position and absolute time and in step 616 the pre-
vious estimates of absolute time and receiver position are
updated. In step 618, it is checked whether this iteration is the
third (or other such suitable number) iteration. If not, the
process may return to step 606.

If sufficient iterations have been completed, the method
may proceed to step 620, in which the residuals are checked
to establish if any exceed a threshold. The residuals may be
determined by computing:

VH-AX-Vr 19)

The residuals provide an indication of how well the initial
over-determined solution is satisfied. If the residuals exceed
the threshold, the position fix is rejected. The threshold for the
residuals may suitably be 10 km.

The position fix is only rejected on the basis of the residuals
exceeding a threshold if measurements were taken from more
than five satellites, i.e. if the system is over-determined. If the
system is not over-determined, then the equation is solved
exactly (even if the answer may be wrong) and so the residu-
als are zero. Computing the residuals is effectively a way of
using the extra equations in the over-determined system to
check how good a fit the solution is. If the system is not
over-determined, there are no extra equations and so that
option is not available.

The position fix may then be subjected to two more integ-
rity checks. In step 624, the update to the amplitude of the
receiver position is checked (i.e. the z-component of the
update vector) and, if that update exceeds a threshold, the
position fix is rejected. Suitably the threshold may be set so
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that the position fix is rejected if the amplitude changes by
more than 10 km from the previous estimate. Finally, the
dilution-of-precision parameter (DOP) may be checked and,
if it is excessively high, the position fix may be rejected. If the
position fix passes all of these integrity checks, the position
fix may finally be accepted in step 632.

Optionally the position fix obtained using the single-dif-
ference approach may be supplemented by a conventional
GNSS calculation. For the conventional calculation, absolute
time is assumed to be known from the single-difference cal-
culation that has already been performed. The ambiguity in
the measured arrival times may be resolved by calculating the
integer values. Unlike at the outset, user position and absolute
time are now known to a reasonable degree of accuracy from
the preceding single-difference calculation and so the integer
values can be calculated without the risk of incorrect round-
ing. The conventional location calculation then solves for
receiver position and receiver clock bias using the usual 4x4,
or 4xn, matrix formulation.

A conventional location calculation may be performed
after the final iteration of the single-difference calculation and
before the integrity checks (e.g. between steps 618 and 620 in
FIG. 6). Incorporating a conventional location calculation
into the method may improve the accuracy of the final posi-
tion-fix. The calculation can also be used to improve the
accuracy of the calculated Dilution of Precision (DOP) val-
ues, which is explained below.

DOP values and how they may be calculated are well-
known in the art. DOP values represent the effect of satellite
geometry on the precision of the position fix. The accuracy of
the final position fix may be determined using e.g. HDOP,
GDOP, TDOP which is time DOP. The DOP values may be
based on the single-difference calculation (e.g. by using the
single-difference matrix, AH). The DOP values may also be
based on a standard location calculation (e.g. by using the
standard observation matrix, H). However, basing the DOP
values on either the single-difference calculation or a stan-
dard location calculation tends to underestimate the true DOP
values. This is not necessarily a problem but it is possible to
obtain a better estimate of the DOP values by returning to a
5x5 formulation so that the DOP values fit the receiver bias
(rather than eliminating it by construction, as in the single-
difference calculation). This may be achieved using the result
from matrix algebra in which a column partition of an over-
determined least squares problem yields a pseudo inverse that
can be block partitioned.

The standard form for a linearized location calculation can
be written as:

H-Ax=r (20)
Ax
A
Ax = Y
Az
By
—ng =y —ng L
—no —hpy g L
H=|-mn3 -ms -ng 1
=y =Ry =Ry 1

where n are the unit direction vectors between the receiver
and the various satellites.
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Given the following block partitioning:

@D

The pseudo-inverse requires the following inversion:

HTH H T (22)
PH e
(HP;H) (HT P Y HT plpT p) !
W Pipy T HHTHY! WPyt
where the projections P are defined by:
Py=I-X(X"x)"'x* (23)

and 1 is the identity matrix.

If the standard location calculation has already been per-
formed, H and (H'H)~* will already have been calculated.
The line-of-sight velocity vector will also be known as this
forms part of the single-difference calculation. The DOP
values are calculated using only the diagonal elements of the
resultant. The DOP values can therefore be evaluated with a
few matrix multiplications and a 4x4 matrix inversion.

Preferably H is expressed in local tangent plane coordi-
nates for the calculation of the DOP values. This can be
accomplished by rotating the coordinate system in either the
geometry or resultant matrix by a matrix whose columns are
an orthonormal set of unit vectors aligned to the local tangent
plane.

Selection of the Reference Satellite

In a further aspect, one or more embodiments of the inven-
tion may implement a method for selecting the best available
reference satellite. The selection procedure may be varied
depending upon the computational resources available to the
user and prior knowledge of the most significant error source.

There are several different metrics that might be used in the
selection of an optimized choice for the ‘reference’ satellite
and its measurement. One prior art approach is to select as a
reference the satellite that is nearest the receiver’s zenith (i.e.
the satellite that has the highest elevation angle relative to the
receiver’s position). This corresponds to selecting the satel-
lite with the minimum value of Ip,|. This may not be optimum
for a given constellation as it may, in one example, unbalance
the truncation errors in establishing the integer numbers of
code repetition wavelengths in the satellite to user distance.
Furthermore, it does not consider any effects due to partition-
ing the available measurement errors into a portion allocated
to absolute time errors and a separate portion due to user
location errors. Such allocation is a desirable means to build
‘a priori’ knowledge concerning the sizes of the unknown
parameters into the solution. This concept has not been men-
tioned or addressed previously.

A selection of algorithms that might be used to select the
reference satellite, which may provide improved tolerance to
user position and absolute time errors, are described below.
The selection metrics used below are more responsive to the
status of the complete satellite constellation rather than only
using one feature of one satellite.

Minimizing Velocity Variation

One suitable metric for the selection of a best reference
satellite involves minimizing the variation in satellite line-of-
sight velocities from that of the reference satellite. For a
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constellation with N+1 members, a suitable metric is formed
from the average of the differences between the line-of-sight
velocities of each satellite and a reference satellite, where the
subscript ‘0’ refers to the reference satellite:

1 N 24)
T I)Z; (i =)=
=

J#0

Ylmin over selection of sat 0
L

mz ®;) = Po = 1Pave — Po}
=

The re-arrangement above shows that this process is
equivalent to forming the visible constellation average and
subtracting the line-of-sight velocity of the chosen reference
satellite. The process can be simply summarized as making
the choice of the reference satellite based on having its line-
of-sight velocity closest to the average of the visible constel-
lation.

The metric in equation (24) has the beneficial effect of
providing a reference satellite selection which follows the
average of the line-of-sight satellite velocities. If the satellite
constellation is evenly balanced with respect to the line-of-
sight velocities, that is, the average LOS velocity is near zero,
the best reference satellite is the satellite having the line-of-
sight velocity closest to zero, corresponding to the selection
of the satellite nearest to the receiver’s zenith. However, few
constellations have such characteristics and it is more likely
that the constellation has an unbalanced line-of-sight velocity
profile, which is not centred on zero. In such cases, the aver-
age line-of-sight velocity can be significantly different from
zero. The best selection for the reference satellite is the one
which has a line-of-sight velocity closest to the constellation
average. The final line in equation (24) demonstrates the ease
of finding the best satellite using this criterion. The metric
works well for unbalanced constellations by minimizing the
variations between the single difference satellite velocities
used in equation (5).

One benefit of selecting the reference satellite to be the one
having the closest line-of-sight velocity to an average velocity
of the constellation is that it minimises that portion of the
available error required to compensate for the error in the
estimate of absolute time. This procedure is illustrated in FIG.
7.

Step 701 commences the procedure. In step 702, the line-
of-sight velocities of the used constellation are determined
from the estimate of absolute time, user location and the
provided ephemeris information. In step 703, the average
velocity of the constellation is computed. If this is signifi-
cantly different from zero, it confirms that the constellation is
unbalanced. In step 704, a search is made through the values
of the satellite line-of-sight velocities to find that satellite
(with subscript ‘m’) that has a line-of-sight velocity closest to
the computed average value. The procedure concludes in step
705.

A typical unbalanced satellite constellation and the best
reference satellite within that constellation are illustrated in
FIG. 8. Here the average line-of-sight velocity is illustrated as
item 4101 and the satellite with the nearest velocity to this is
4102, marked as satellite number ‘0’. A selection of the ref-
erence satellite nearest to the receiver’s zenith, that is, the one
with the lowest line-of-sight velocity, would have resulted in
the choice of satellite number 5 at 4103.
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A second metric, for the determination of a best reference
satellite selection, is formed by the sum of the norms (or a
power of k of them) of the single difference line-of-sight
velocities:

4

; ) @3)
=N

min over selection 0

o, - po)l*

.
S =

2%

.

This equation also selects, as the reference satellite, the
satellite that is in the middle of the velocity spread, but it
places additional weight on the larger satellite to reference
satellite velocity differences. This emphasis increases with
the value of k.

A preferred embodiment takes a more general approach to
the determination of a best reference satellite. In the follow-
ing description, ‘a priori’ knowledge of the position and time
estimation errors can be built into the selection method.

A Priori Knowledge of Position and Time Errors

An algorithm for selecting the reference satellite may ben-
eficially incorporate a priori knowledge of the maximum
errors likely to be present in the initial estimates of receiver
position and GPS time. The maximum expected errors may
be known from the source of the original estimates. For
example, the original position estimate may have been
selected to be the centre of a cell in a cellular network within
which the GNSS receiver is known to be located. The maxi-
mum error in the original estimate of receiver position may
then be determined from the size of that cell. Similarly, the
original time estimate may have been obtained from a cellular
base station’s copy of an absolute time. Some networks, e.g.
GSM, require each base station to be synchronised to GPS
time within a maximum acceptable error. In such a scenario,
the maximum error in the estimate of absolute time will also

be known. The a priori knowledge of the maximum errors 0

may be exploited, together with knowledge of the acceptable
limits that are placed on initial errors that by the convergence
zone for the location algorithm, to determine the most appro-
priate satellite to use as the reference.

The time of arrival of a signal from satellite ‘j’, emitted at
absolute time, t, measured by the user receiver’s clock, can be
determined using equation (1), which is repeated below:

D;@® N (By = Bsy ;) N (diono,j + diropo,j) e (n

i

Inx,j = Igps + P P

A variable, y, may be defined that is a calculated measure
of absolute time, based on the reception time of an identified
signalling event. The reception time of the signalling event is
used to calculate absolute time by subtracting the transit time
due to the range between user and satellite, correcting for the
satellite clock bias. This estimate remains offset by the user
receiver common bias, B, and certain measurement errors
(ionospheric, tropospheric delays and noise). Thus y, is an
absolute time, based on the transmission of the signalling
event and on the scale of the receiver clock. The calculation
should reveal the same value of absolute time for every sat-
ellite provided that the correct range measurement (to each
satellite) is used, i.e. for all ‘j” satellites and for the reference
satellite. i, may be calculated as follows:

D; Bsy, (26)
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Single-differences may be constructed to remove the
10 receiver bias and form an absolute time difference error, ot,,
between the i satellite and the reference satellite:
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In equation (27), the user receiver common bias has been
eliminated by subtraction, and the ionospheric and tropo-
spheric delays have partially cancelled. The residual (iono-
spheric and tropospheric) delays are subsumed into the noise
terms €. Consequently, equation (26) should result in a nomi-
nal value for 8t; of zero provided that the measurement errors
are zero, with the additional condition that the values of D,
and Dy, are correct.

An ideal reference satellite may be formed from a weighted
combination of the ys for the visible constellation. The ideal
reference may be the satellite having the property:

30
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subject to the constraint:

Zw=1

(29

The constraint ensures that the B, terms cancel in the
expression fork.

Initial estimates, )A(j, of the y; values of may be based on:
(a) time of arrival measurements; and
(b) estimated (initial) values of the satellite to user range
using estimated GPS time. The initial values of )A(j are there-
fore unlikely to result in a zero 8t, since they each incorporate
50 an error due to an error in recetver location and an error in
satellite location (due to errors in absolute time).

A limit value at,,,,, can be placed on afj by considering the
allowable error limits set by a rounding operation. A rounding
operation should select the correct value for absolute time
providing that 3t,, ,_is set at half the inter-event time interval
(which is half of the difference between the ambiguous val-
ues). A convergence zone can be identified in which the
estimated errors as defined by a%j are all less than half the
inter-event time interval (this interval is A /2¢, which for GPS
60 C/A code is 2 ms).

In order to minimize the probability that any afj exceeds the
limit, a reference satellite which is a function of some or all
(forexample, a form ofaverage) of the afj values is preferably
selected. One optimum choice for the reference satellite is to

5 select as the reference the satellite that generates a minimum
error. One suitable metric for determining this is the L., met-
ric:
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which yields:
L1 N 31
Xo= ﬁz Xj

So a satellite corresponding to a mean of the y, values
should minimise the least squares error. In reality, however, it
is unlikely that a single one of the satellites will correspond
exactly to the mean y; value. One embodiment option is to
construct a virtual composite reference satellite, having a
corresponding exactly to the mean value. This may not be a
sensible option in practice because at this stage of the algo-
rithm the times-of-arrival are still ambiguous. These ambigu-
ities can be resolved once one of the satellites has been
selected as the reference, either by selecting the most appro-
priate time-of-arrival relative to the reference satellite or by
rounding once a comparison with the reference satellite has
been performed (as has been explained above). However, if a
composite satellite is formed by adding together N ambigu-
ous terms, the result is ambiguous to AT/N (where AT is the
inter-event interval). For example, if the ambiguities are [69
70 70 70 72] and AT is 1 millisecond, then the mean is 70.2,
which is not an integer. This can be avoided by multiplying
each equation in the geometry matrix by N but this causes a
corresponding reduction in the convergence radius. It is there-
fore preferable to select an actual single reference satellite in
order to avoid these problems and two examples of how this
might be achieved are described below.

One preferred method of choosing the reference satellite
can be understood by considering the rounding operation
expressed by equation (14), which is repeated below:

=D,(1)/ )= oDV o 1ms=(E~€0)

This equation holds true if the values of receiver position

and absolute time are correct, so that D(t) and Dy (t) are the

correct values. However, in practice there will be an error in

the estimates of receiver position and absolute time. One of
the steps in the method defines a new variable:

14

n=@-Dyoe) (2)

A/'0:71 ;"o (33)

As before, when any A, approaches 2 ms, in GPS, there is
the risk of rounding to the incorrect millisecond, causing the
algorithm to fail. One reason for such a failure may be due to
the contribution of the error components. To minimize the
chances of this, one possible approach is to choose the refer-
ence satellite so as to minimise the maximum value of A, for
every given j.

The method provides correct solutions for the location
solutions provided all of the A, are less than A /2c (A../2 ms
for GPS CIA code). As this threshold value is approached, the
remaining errors in the measurement (such as ionospheric,
tropospheric and measurement noise) produce a (usually
small) region where there is a risk of an incorrect choice of
integer (A J/c) in the signal transit time. The method mini-
mizes this possibility through the process choosing the refer-
ence satellite which minimizes the maximum value of A, for
every member or subset of members of the visible satellite
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constellation. The method includes the step, or equivalent, of
forming a metric:

Z:minjmaxo(\nj—no\z) (34)

The method then selects the reference satellite “0” so that
index 1is that with the minimum value of the absolute squared
residual. This can be calculated directly since the values
needed to compute equation (34) are known. For example, a
direct method tests each possible reference satellite in turn
and computes the RMS spread (or maximum absolute
residual) of the differenced measurements. The candidate
with the minimum value of the maximum absolute residual
may be selected as the reference satellite.

An example of the steps that may be employed for selecting
a reference satellite by means of the minimum absolute
squared residual is shown in FIG. 9. The procedure starts in
step 901. In step 902a value 1), is computed for each satellite
using the measured arrival times, estimated ranges and known
satellite clock offsets. In step 903 the maximum absolute
squared residual is computed for each satellite by comparing
its m, with the respective v, for each of the other satellites in
accordance with equations 32 and 33. In step 904, the satellite
for which the maximum absolute squared residual was the
lowest is selected as the reference satellite. The procedure
then terminates in step 905.

A second preferred method to select the reference satellite
is to use the GPS Jacobian (observation matrix) to examine
the make-up of the measure of GPS time, ;. This can be done
by looking at a single row of the matrix equation (since the B,
terms are identical for a common receiver, and will be can-
celled by taking single differences, this term can be set to zero
in the equation below without loss of generality):

H-Ax=r (35)
Ax
. Ay ap
[nf ny n p;] Az =n-Ax+ EAI:Xj
Ar

Summing equation (35) over all of the j satellites in accor-
dance with equation (31) gives:

ap 36
Xref =T-Ax+ a—fAt (36)

where the bar denotes average value.

Equation (36) demonstrates that the ‘mean satellite’ can be
defined by a linear combination of the average unit vector to
the satellites and the average line-of-sight velocity, the com-
bination being performed in dependence on the errors in the
initial estimates of receiver position and GPS time. One
option is to select the satellite whose line-of-sight velocity is
closest to the average line-of-sight velocity. This option may
be appropriate if time is the dominant error factor. This pro-
vides additional confirmation that the satellite having the
closest line-of-sight velocity to the average line-of-sight
velocity of the satellite constellation (as shown in FIGS. 7 and
8) is an appropriate candidate for the reference satellite.
Another option is to select as the reference satellite the satel-
lite that is closest to the mean vector of the satellite’s positions
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(i.e. the satellite whose vector position generates the smallest
dot product with the mean vector position). This option may
be appropriate if receiver position uncertainty is the main
error factor. The steps involved in selecting the reference
satellite to be the satellite whose vector position is closest to
the constellation average are shown in FIG. 10.

The procedure shown in FIG. 10 commences at step 1001.
In step 1002 the satellite position vectors (which may suitably
be the unit vectors from the receiver to each of the satellites,
as shown in equation (36)) are determined. In step 1003, the
average position vector is computed. In step 1004, dot prod-
ucts between the average position vector and each of the
satellite position vectors are computed. The minimum of
these dot products is determined and the satellite that gener-
ated that dot product selected as the reference satellite in step
1005. The procedure finishes in step 1006.

The general case where the errors are mixed is more com-
plex but may be addressed by defining the following sets:

AX(§)=IR;4x\(a cos ¢+b sin ¢)

A=Al 37

where:

a and b are any unit vectors in the receiver’s local tangent
plane;

a cos ¢+b sin ¢ defines a unit vector in the ‘ab’ plane at an
angle ¢ to the a unit vector;

R, 1s the maximum expected receiver position error; and

At,,,+-1s the maximum expected error in the original estimate
of GPS time.

The maximum expected errors may be known from the
source of the original estimates. For example, the original
position estimate may have been selected to be the centre of a
cell in a cellular network within which the GPS receiver is
known to be located. The maximum error in the original
estimate of receiver position may then be determined from the
size of'that cell. Similarly, the original time estimate may have
been obtained from a cellular base station’s copy of absolute
or GPS time. Some networks, e.g. CDMA require each base
station to be synchronised to GPS time within a maximum
acceptable error. In such a scenario the maximum error for
GPS time will also be known.

85 ap; 38
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Where:

n is a mean of the unit vectors between the receiver and the

satellite;

<iths
J

n, is the unit vector between the receiver and the satellite;

38

is the average line-of-sight velocity of the satellites; and

dp;

10 ar

is the line-of-sight velocity of the j* satellite.

The resultant choice of satellite for the reference is that

15 with the smallest Ajz.

An example of a method suitable for selecting a reference
satellite in the case where the errors are distributed between
the original estimate of receiver position and the original
estimate of absolute time is illustrated in FI1G. 11. The proce-
dure commences in step 1101. In step 1102 the unit vectors
between the receiver and each of the satellites are determined.
In step 1103, the average unit vector is computed. In steps
1104 and 1105, the satellite line-of-sight velocities are deter-
mined and the average line-of-sight velocity is computed. The
a priori errors in the initial estimates of receiver position and
absolute time are identified in step 1106. In step 1107, Aj2 is
calculated for each satellite in accordance with equation (40),
depending on which metric is being used. The satellite pro-
ducing the smallest value for Aj2 is then selected as the refer-
ence in step 1108. The procedure finishes in step 1109.
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The metrics given above are examples of suitable values
that might be calculated in order to distinguish between dif-
ferent satellites on the basis of the a priori errors. These
specific metrics are given for the purpose of example only,
and it should be understood that other metrics might be
equally suitable for evaluating how different choices for the
reference satellite affect the susceptibility of the method to
the a priori errors. An example is the selection of the reference
satellite in a scenario when the errors are mixed between
position and time errors, when it is equally suitable to select
as the reference the satellite which minimizes the average
error (see equation 39) or that which minimizes the maximum
error (see below).

35
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In order to minimize the maximum error, equations 38 to
40 may be replaced by the following alternatives:
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Then:
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And:
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Where:

n, is a unit vector between the receiver and the satellite that is
being tested as the reference; and

65
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is the line-of-sight velocity of the satellite that is being tested
as the reference.
In this procedure we evaluate:

k:minomaxj(Ajoz) (44)

So, each satellite is tested in turn for its suitability as the
reference satellite by evaluating Aj02 for that satellite as the
reference in respect of all other satellites j” in the set. For each
satellite being tested as the reference, the maximum expected
error is then determined from these calculated Aj02 values.
The reference satellite that has the smallest of the estimated
‘worst-case’ errors, as indicated by the Aj02 values, is then
selected as the reference.

This procedure is illustrated in FIG. 12. The procedure
commences in step 1201. In step 1202a satellite is selected as
a candidate for the reference satellite. With all the other sat-
ellites as non-reference °j’ satellites, Aj02 is then evaluated for
this candidate as the reference (1203) until all non-reference
satellites have been evaluated (1204). Once all non-reference
satellites have been evaluated, the maximum of all the Aj02
values for the reference candidate is evaluated (1205). This
process is repeated until all available satellites have been
evaluated as candidates for the reference (1206). The mini-
mum of all the maximum Aj02 values is then identified and the
satellite that generated that minimum Aj02 value as areference
candidate is selected as the reference (1207). The procedure
finishes in step 1208.

The exact method used to select the reference satellite may
be chosen in dependence on the a priori errors associated with
the original estimates of receiver position and absolute time,
as shown in FIG. 13. If one or other of the error sources
dominates (e.g. if either position or time account for 80% or
higher of the total a priori error) then the reference satellite
may be selected solely on the basis of the average position
vector or the average line-of-sight velocity (see steps 1303 to
1305). However, if neither form of error dominates, so that
both the initial receiver position estimate and absolute time
estimate make a contribution to the overall error (which is
likely to be the case in practice) then the reference satellite
selection is preferably made by considering both error
sources, e.g. by calculating values of Aj2 for each satellite.
Measurement Noise Correlation

The use of a reference satellite in the single difference
method causes correlations between the measurements. The
measurement noise correlation matrix for the single differ-
ence method is the sum of a diagonal matrix and a matrix in
which every element is 1. The diagonal elements of the first
matrix are the noise variances for each measurement. The
second matrix may be multiplied by the variance for the
reference satellite. Because the reference satellite has an
impact on all the measurements, it is prudent to choose the
satellite with the minimum measurement noise for the last
iteration of the single difference method. This minimizes the
impact of the reference satellite on the position accuracy and
does not impact the convergence zone.

Convergence Zone

The convergence zone may be defined by the outer limits of
the errors in estimated position and time that the algorithm is
ableto tolerate whilst providing a correct solution for position
and time. The allowed measurement and modelling errors (of
A2 in distance) can be partitioned between errors in GPS
time (causing satellite location errors) and errors in the esti-
mate of receiver location (normally expected to be along or in
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the local tangent plane). The receiver location error may be
denoted as R, which is in a different direction to the satellite
from the actual receiver location. As measurements are made
along the line-of-sight to the satellite, the total resolved error
along the line-of-sight between the receiver and the satellite
is:

A

. (45)
£10s,j = pjls + Ry cos(g;) < 5

where ¢, is the angle between the receiver location error
vector and the line-of-sight to the satellite and t, is the error in
the estimate of absolute time.

Thus for a maximum permitted value of t, the allowable
receiver position error depends upon the angle ¢,. For each
satellite the locus of points on the surface of the Earth for
which the inequality of equation (45) holds as an equality
(and allowing for both positive and negative errors) draws out
a curve similar to an ellipse with the semi-minor axis aligned
withthe LOS to the satellite. These curves are thus not aligned
with each other but to the direction of the satellite. Examples
of'such curves are illustrated in FIG. 14 (see e.g. curve 1401).

The maximum value of the semi-minor axis of one of these
curves is:

(5 =10 o) o

RRx min <
cosf3;

where f3; is the angle of elevation for satellite j.

The minimum permitted user position error is therefore
inversely proportional to cos f3,, which means that the permit-
ted user position error is larger for satellites with larger eleva-
tion angles. The size of the maximum convergence zone is
determined by the minimum area, bounded by the +maximum
resolved lateral error due to each satellite, which is inscribed
on the receiver’s local tangent plane (see equation (46)).
Referring to FIG. 14, the maximum convergence zone is the
smallest area 1402 inscribed by the satellite curves.

The derivation of equation (46) is a simplified method that
involves linearization and discounts the curvature of the
Earth. These approximations may not be used in more com-
plex derivations.

Convergence Zone Extension Though Satellite Subset Selec-
tion

The exact method used to select the satellite subset may be
chosen in dependence on the a priori errors associated with
the original estimates of receiver position and absolute time.
In particular, the method might be selected in dependence on
a relative division in the overall error between receiver loca-
tion and absolute time.

One of the estimates may be considered to dominate the
error if, for example, either position or time account for 80%
or higher of the total a priori error. If time errors dominate,
then the satellites may be selected in dependence on the
line-of-sight velocities of the visible satellites. If position
errors dominate, then the satellites may be selected in depen-
dence on the elevation angles of the visible satellites. If nei-
ther estimate dominates the errors, then the satellites may be
selected in dependence on convergence zones associated with
the visible satellites.

An error in the estimate of absolute time impacts the esti-
mated range between the receiver and the satellite by placing
the satellite in the wrong position in the sky. The size of the
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error in the resulting range estimate is dependent both on the
error in the estimate of absolute time and the line-of-sight
velocity of the satellite. Therefore, if the uncertainty in the a
priori estimates is principally in absolute time, the minimum
number of satellites having the smallest line-of-sight veloci-
ties is preferably used to calculate the receiver’s location.

If'the error in the a priori estimates is principally in receiver
position, a different approach may be taken. A consequence
of'equation (46), above, is that the permitted receiver position
error is larger for satellites with larger elevation angles.
Therefore, a straightforward option for selecting a subset of
satellites for the location computation is to select the visible
satellites having the largest elevation angles relative to the
receiver.

A further alternative is to select a subset of satellites by
determining the convergence zone limits associated with each
satellite in the visible set. The number of different combina-
tions that would have to be tried to obtain an optimum subset
of satellites from a particular visible constellation is easily
determined. For users with a visible or useable constellation
of N satellites and a required subset of only k satellites, the
number of different choices is *'C, as each satellite has a
distinct location. For large constellations and a minimum
number of five satellites for the initial position determination,
the number of possible constellation subsets is very large. For
example, with ten visible satellites, the number of subsets is
101/51x5!, which is 252. This number is sufficiently large for
it to be computationally burdensome to search all possible
selections to find the one with the largest convergence zone.

A preferred option is therefore to maximise the conver-
gence zone for a specific constellation through repeatedly
rejecting the satellite that inscribes the smallest convergence
zone around the receiver until only five satellites remain (or
however many satellites are required in the subset). Selection
based on the progressive elimination of the satellite with the
closest ambiguity limit can also dramatically reduce the com-
putational burden. When only the minimum set of satellites
remains, the resulting convergence zone should be the largest
possible based on the available ambiguity limit. This can be
demonstrated with reference to FIG. 14, which shows the
convergence zone 1402 of a six-satellite constellation. The
satellite that inscribes the smallest convergence zone is rep-
resented by curve 1403. By removing this satellite from con-
sideration, the convergence zone can be extended from region
1402 to region 1404. The remaining five satellites are a suit-
able subset for maximising the convergence zone.

It is easily observed, from FIG. 14, that there is a tendency
for the convergence zone to become smaller as the number of
satellites in the visible constellation is increased. Therefore,
during the first iteration, when a priori errors are likely to be
at their maximum, a preferred approach is to calculate the
location of the receiver using measurements from the mini-
mum number of satellites needed to obtain a solution. Typi-
cally the minimum number is five for situations in which the
receiver has been unable to decode absolute time information
from the satellite signals. However, if an additional constraint
is placed upon the algorithm (e.g. by fixing the receiver’s
height), then the location algorithm might require fewer than
five satellites. Additional satellites may be introduced for
later iterations.

The location solution obtained using a satellite subset
selected to maximise the convergence zone will typically
have the largest possible error tolerance for receiver position
errors. However, a subset selected to maximise the conver-
gence zone may often have poor dilution of precision and so
the sensitivity to measurement errors will be relatively high.
During an early iteration of the algorithm, the measurement
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errors will be small compared to the receiver position error.
Therefore, a subset that maximizes the convergence zone at
the expense of sensitivity to measurement errors may be
advantageously utilized, to be replaced during later iterations
by a set of satellites with lower sensitivity to measurement
errors. Later iterations may be seeded with the revised esti-
mates of either location or absolute time or with both the
revised estimates of location and absolute time. Since revised
estimates will be closer to the receiver’s actual position and/
or actual absolute time than the original estimates, the con-
vergence zone limits are not as crucial during later iterations.
This procedure is a generalized extension of the iteration
processes described earlier and does not introduce any mea-
surements other than those taken at the start of the location
determination process.

An example of satellite subset selection is illustrated in
FIG. 15. The algorithm starts in step 1501. In step 1502, the
set of visible satellites is determined. In step 1503, the eleva-
tion angle from the receiver to each of the satellites in the
visible set is determined. In step 1504, the five satellites
having the largest elevation angle are selected as the satellite
subset. In step 1505, the reference satellite is selected from
the subset. The process then terminates in 1506.

The Dilution of Precision (DOP) for the constellation
selected by means of the process of FIG. 15 will tend to be
poor, as the satellites are likely to be grouped together. This
does not typically damage the algorithm to find the receiver’s
location and absolute time, however, since a subset having a
better DOP may be used for later iterations. This suggests a
modification to the process shown in FIG. 15.

During the first iteration, a subset of satellites may be
chosen by selecting those satellites having the largest eleva-
tion angles at the estimated user position (as illustrated in
FIG. 15). During a second iteration, all the visible satellite
signal measurements above the receiver’s elevation mask
angle may be used rather than just a subset of those measure-
ments. A new reference satellite may be chosen and one of
procedures described above, normally using a least squares
method, may be employed with the revised absolute time and
estimate of user location to form a high precision solution for
GPS time and user location. The first (coarse) estimation has
a relatively high inaccuracy but also a large convergence
zone. In the second iteration, a large convergence zone is not
required as estimates of user location and absolute time have
been determined from the first iteration with sufficient accu-
racy to fall within the convergence zone associated with the
complete satellite constellation. In the second estimation, the
Dilution of Precision is reduced due to the inclusion of satel-
lites with lower elevation angles. The resulting solution accu-
racy is thereby improved.

Convergence Zone Extension Though Reversionary Tech-
niques

The reversionary technique described earlier, in which
large residuals are replaced by their nearest-neighbour ambi-
guity values, can be extended more generally not just to
correct for measurement errors but expressly for the purpose
of extending the zone of convergence. An example of this is
provided in FIG. 16 for a six-satellite constellation. The dot-
ted lines (e.g. 1601) are the contours at which each satellite
measurement approaches its +A /2 uncertainty limit projected
onto the receiver’s local tangent plane. By comparison, the
solid contour lines (e.g. 1602) represent the +3A /2 satellite
measurement projected onto the receiver’s local tangent
plane. As can be seen from the largest inscribed polygons, the
area of the convergence zone is extended by a factor of nearly
ten by including the residuals represented by these additional
integer ambiguities.
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With this method, the computation burden grows with the
number of location solutions to be tested. With each satellite
measurement, there are 3 possible measurement residuals to
be tested in a range of £3} /2. Consequently, for N satellites,
there is a maximum number of 3” such test computations.
However, in any specific case not all of these test computa-
tions are required, as the crossing of a single dotted line away
from the centre corresponds to testing a single additional
ambiguity. Furthermore, differencing with the reference sat-
ellite, which is equivalent to adding a constant to the vector,
also results in fewer computations being required.
Computational Load

The computational load of the above-described methods
will typically be dominated by the calculation of the satellite
position using the ephemeris information. This is common to
all GPS calculations. The various single-difference methods
described above are not themselves computationally burden-
some. A typical computation might require the solving of one
4x4 least squares pseudo-inverse per iteration. The standard
GPS calculation that may be performed at the end of the
process may also include a 4x4 pseudo-inverse. The DoP
calculation may require a further 4x4 matrix inversion and a
few matrix multiplications. This gives a total of approxi-
mately five 4x4 pseudo-inversions. Existing methods for cal-
culating GPS position in the absence of GPS time typically
use three 5x5 matrix pseudo-inversions. Although the num-
ber of inversions required in a typical single-difference com-
putation is higher, the computational load is generally lower,
since the computational load scales cubically with the dimen-
sions of the matrix. The computational load associated with
performing satellite subset and reference satellite selection is
typically negligible and so the algorithm as a whole is easily
within the capabilities of a modern microprocessor.

Apparatus Example

An example of an apparatus suitable for implementing the
location-determination algorithms described herein is shown
generally in FIG. 17. The apparatus is shown generally at
1701. The algorithm may be implemented by a receiver or by
a separate piece of apparatus, such as a server. In this
example, the apparatus is located in a server that forms part of
a cellular network. This is for the purposes of example only,
and in other preferred embodiments the apparatus may be a
handheld device.

InFIG.17, a GNSS receiver is shown at 1709. The receiver
comprises a GNSS antenna 1713 for receiving signalling
events from a satellite 1714. The receiver also comprises
GNSS receiver circuitry 1712 that is capable of identifying
the times-of-arrival of signalling events transmitted by the
satellite. The receiver may comprise a cellular transceiver
1709 and an associated antenna 1711 by means of which the
receiver can transmit the measured times-of-arrival to server
1701 for processing. In this example, the server is shown as
part of the cellular network and connected to radio tower
1707.

The server location calculation unit 1702 is connected to
receive times-of-arrival information from the GNSS receiver
via radio tower 1707 and to receive ephemeris information
from radio tower 1708, which has a clear view of the sky for
receiving GNSS signals from one or more satellites. The
location calculation unit is also connected to a selection unit
1703, a range estimation unit 1704, a confirmation unit 1605
and a convergence zone extension unit 1706. The selection
unit may be arranged to select the satellite subsets and the
reference satellite. The range estimation unit may be arranged
to estimate the distances between the receiver and each of the
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satellites by working out the satellite positions at the current
estimate of GPS time. The confirmation unit may be arranged
to perform the DoP and other confirmation calculations that
check the validity of the updated position and absolute time
estimates generated by the algorithm. The convergence zone
extension unit may be arranged to determine convergence
zones associated with each of the satellites and/or angles of
elevation with respect to the receiver for each the satellites.
The calculation unit is suitably arranged to maintain overall
control of the algorithm by passing data between the various
other functional blocks and by performing the actual location
calculation. The calculation unit is preferably capable of per-
forming a standard location calculation (linearized or other-
wise) in addition to one or more of the single-difference
algorithms described above.
The apparatus shown in FIG. 16 is shown illustratively as
comprising a number of interconnected functional blocks.
This is for illustrative purposes and is not intended to define a
strict division between different parts of hardware on a chip.
In practice, the apparatus preferably uses a microprocessor
acting under software control for implementing the algo-
rithms described herein. In some embodiments, the algo-
rithms may be performed wholly or partly in hardware. It
may, for some examples, be advantageous in some implemen-
tations to provide dedicated hardware for performing some of
the calculations as is known in the art.
The applicant hereby discloses in isolation each individual
feature described herein and any combination of two or more
such features, to the extent that such features or combinations
are capable of being carried out based on the present specifi-
cation as a whole in light of the common general knowledge
of a person skilled in the art, irrespective of whether such
features or combinations of features solve any problems dis-
closes herein, and without limitation to the scope of the
claims. The applicants indicate that aspects of the present
invention may consist of any such feature or combination of
features. In view of the foregoing description it will be evi-
dent to a person skilled in the art that various modifications
may be made within the scope of the invention.
The invention claimed is:
1. An apparatus for calculating a position of the apparatus
by using a time for periodic signalling events to travel from a
plurality of satellites to the apparatus, the apparatus includ-
ing:
a global navigation satellite system (GNSS) receiver con-
figured to receive one of the periodic signalling events
from each satellite, respectively;
a processor configured to:
determine, for each ofthe plurality of satellites, an initial
estimate of a transit time for a periodic signalling
event to travel from a respective satellite to the GNSS
receiver; and

determine, for each of the plurality of satellites, an
expected transit time for the periodic signalling event
to travel from the respective satellite to the GNSS
receiver based on an estimated current position of the
GNSS receiver and a predetermined estimate of a
position of the respective satellite;

designate one of the plurality of satellites as a reference
satellite;

compare the initial estimate of the transit time and the
expected transit time for each non-reference satellite
with the initial estimate of the transit time and the
expected transit time for the reference satellite,
respectively, to form respective residuals that are rep-
resentative of a combined error in the expected transit
times; and
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calculate the position of the GNSS receiver, without
calculating an integer part of the initial estimates of
the transit times based on the periodic signalling
events, using the residuals.
2. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to use a time-of-arrival of the periodic
signalling event at the GNSS receiver as the initial estimate of
the transit time for that signalling event.
3. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to use a fractional part of a time-of-arrival
of the periodic signalling event at the GNSS receiver as the
initial estimate of the transit time for that periodic signalling
event, wherein the time-of-arrival includes a fractional por-
tion based on the periodic signalling event and the fractional
part is the fractional portion of the period of the periodic
signalling event.
4. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to compare the initial estimates of the
transit times for the reference satellite and each non-reference
satellite by measuring a respective time difference between
an arrival at the GNSS receiver of the periodic signalling
event transmitted by the reference satellite and an arrival at
the GNSS receiver of the periodic signalling event transmit-
ted by each of the non-reference satellites.
5. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to determine the expected transit times by
estimating, for each satellite, a distance between that satellite
and the GNSS receiver.
6. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to determine the expected transit time for
each of the plurality of satellites by:
estimating the position of the GNSS receiver;
estimating the position of a satellite using an estimated
absolute time and ephemeris information; and

computing the expected transit time of the satellite using
the estimated positions of the GNSS receiver and the
satellite.
7. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to calculate adjusted transit times by
removing, from each initial estimate of the transit time for one
periodic signalling event of the periodic signalling events, a
clock bias associated with the satellite that transmitted the
one periodic signalling event.
8. The apparatus as claimed in claim 7, wherein the pro-
cessor is configured to represent both the adjusted transit
times and the expected transit times in units of one of distance
or time, the apparatus being arranged to form the residuals by,
for each non-reference satellite:
subtracting the representation of the expected transit time
for a non-reference satellite from the representation of
the adjusted transit time for the non-reference satellite;

subtracting the representation of the expected transit time
for the reference satellite from the representation of the
adjusted transit time for the reference satellite;

calculating a difference between the result of the subtrac-
tion in respect of the non-reference satellite and the
result of the subtraction in respect of the reference sat-
ellite.

9. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to form each residual by calculating:

(T-dy/C)~(Tg=do/C)
in which:
T, is a fractional part of a time-of-arrival of the periodic
signalling event transmitted by a non-reference satellite
minus a clock bias associated with the non-reference
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satellite, wherein 'Ej is the fractional portion of the period
of the signalling event of the non-reference satellite;

T, is a fractional part of a time-of-arrival of the periodic
signalling event transmitted by the reference satellite
minus a clock bias associated with the reference satel-
lite, wherein T, is the fractional portion of the period of
the signalling event of the reference satellite;

d, is an estimated distance between the GNSS receiver and

the non-reference satellite;

d,, is an estimated distance between the GNSS receiver and

the reference satellite; and

c is the speed of light.

10. The apparatus as claimed in claim 9, wherein the pro-
cessor is configured to perform a modulo operation using the
periodic signalling event on each residual to calculate the
fractional part of that residual, the processor being configured
to calculate the position of the GNSS receiver using the cal-
culated fractional parts.

11. The apparatus as claimed in claim 1, wherein each of
the plurality of satellites is arranged to transmit respective
periodic signalling events at time instants separated by a
repetition interval t_, the apparatus is arranged to adjust a
range of values of the residuals to a range t_/2 by identifying
a sub-t, part of each residual and, if that result is greater than
t./2, subtracting t,_ from that sub-t_ part.

12. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to adjust arange of values of the residuals
in the range of -0.5 ms to 0.5 ms by identifying a sub-
millisecond part of each residual and, if sub-millisecond part
is greater than one-half millisecond, subtracting one millisec-
ond from that sub-millisecond part.

13. The apparatus as claimed in claim 12, wherein the
processor is configured to represent the range-adjusted
residuals in units of distance and calculate the position of the
GNSS receiver using those distances.

14. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to determine the expected transit time for
each of the non-reference satellites by predicting a time-of-
arrival at the GNSS receiver of the periodic signalling event
transmitted by each non-reference satellite.

15. The apparatus as claimed in claim 14, wherein the
processor is configured to form the prediction using a time-
of-arrival at the GNSS receiver of the periodic signalling
event transmitted by the reference satellite.

16. The apparatus as claimed in claim 14, wherein the
periodic signalling events are transmitted at regular intervals
by the plurality of satellites and the processor is configured to
determine the initial estimates of the transit time for each of
the non-reference satellites by:

identifying, at the GNSS receiver, one or more times-of-

arrival of periodic signalling events transmitted by a
satellite;

forming adjusted times-of-arrival for the periodic signal-

ling events transmitted by the satellite by removing from
each periodic signalling event a clock bias associated
with that satellite; and

selecting, as the initial estimate of the transit time, the

adjusted time-of-arrival time that is closest to the pre-
dicted time-of-arrival for that satellite.

17. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to:

determine, as the initial estimate of the transit time for the

reference satellite, a time-of-arrival at the GNSS
receiver of the periodic signalling event transmitted by
the reference satellite at a first time according to a clock
value associated with the reference satellite; and
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determine the expected transit time for a non-reference
satellite to be a prediction of a time-of-arrival at the
GNSS receiver of the periodic signalling event transmit-
ted by the non-reference satellite at the first time accord-
ing to a clock value associated with the non-reference
satellite.

18. The apparatus as claimed in claim 17, wherein the
periodic signalling events are transmitted at regular intervals
by the plurality of satellites, and the processor is configured
to:

determine, as the initial estimate of the transit time for the
periodic signalling event transmitted by the reference
satellite, the time-of-arrival at the GNSS receiver of the
periodic signalling event transmitted by the reference
satellite at the first time according to the clock value
associated with the reference satellite; and

select, as the initial estimate of the transit time for the
non-reference satellite, a time-of-arrival at the GNSS
receiver of the periodic signalling event transmitted by
the non-reference satellite at the second time, according
to the clock value associated with the non-reference
satellite, the second time being different from the first
time.

19. The apparatus as claimed in claim 18, wherein the
processor is configured to select the time-of-arrival of the
periodic signalling event transmitted by the non-reference
satellite that is within a predetermined time interval of the
time-of-arrival at the GNSS receiver of the periodic signalling
event transmitted by the reference satellite.

20. The apparatus as claimed in claim 19, wherein the
predetermined time interval is less than or equal to one-half
the time interval between transmissions of the periodic sig-
nalling events by one of the plurality of satellites.

21. The apparatus as claimed in claim 16, wherein the
processor is configured to form the residual for a non-refer-
ence satellite by performing a subtraction between an
adjusted time-of-arrival of a periodic signalling event
selected as the determined initial estimate of the transit time
of the periodic signalling event and the predicted time-of-
arrival for that periodic signalling event.

22. The apparatus as claimed in claim 17, wherein the
processor is configured to form the residual for a non-refer-
ence satellite by:

forming adjusted times-of-arrival for the periodic signal-
ling events by removing from each time-of-arrival a
clock bias associated with the satellite that transmitted
that periodic signalling event;

determining a first difference between the adjusted times-
of-arrival for the periodic signalling events transmitted
by the reference satellite and the non-reference satellite;

determining a second difference between the predicted
times-of-arrival for the periodic signalling events trans-
mitted by the reference satellite and the non-reference
satellite; and

subtracting one of the first and second differences from the
other one of the first and second differences.

23. The apparatus as claimed in claim 18, wherein the
processor is configured to predict a time-of-arrival of the
periodic signalling event transmitted by the non-reference
satellite by summing the time-of-arrival for the periodic sig-
nalling event transmitted by the reference satellite with:

a difference between a clock bias associated with the non-
reference satellite and a clock bias associated with the
reference satellite; and

a time it would take the periodic signalling event to travel
the difference between an estimated distance between
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the GNSS receiver and the non-reference satellite and an
estimated distance between the GNSS receiver and the
reference satellite.

24. The apparatus as claimed in claim 23, wherein the
processor is configured to determine the expected transit time
by summing the transit time for the reference satellite with a
difference between the first and second times.

25. The apparatus as claimed in claim 18, wherein the
processor is configured to determine the position of the GNSS
receiver by means of an iterative process, the apparatus being
arranged to:

for a first iteration, estimate each distance between the

GNSS receiver and the plurality of satellites using
known positions of the plurality of satellites at a same
predetermined time instant;

for each subsequent iteration, after the first iteration, esti-

mate each distance between the GNSS receiver and the
plurality of satellites using the known positions of the
plurality of satellites at different predetermined time
instants.

26. The apparatus as claimed in claim 25, wherein the
processor is configured to, during each subsequent iteration,
estimate each distance between the GNSS receiver and the
plurality of satellites at respective first and second different
predetermined time instants.

27. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to determine the position of the GNSS
receiver by applying a relative weighting to each of the
residuals using a reliability associated with the determined
initial estimate of transit time used to compute each respec-
tive residual.

28. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to calculate a dilution of precision (DOP)
parameter using a clock bias associated with the GNSS
receiver.

29. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to:

determine that the position of the GNSS receiver calculated

using the residuals is incorrect;
identify a largest of the residuals and adjust that largest
residual by an amount corresponding to a time interval
between regular transmissions of periodic signalling
events by one of the plurality of satellites; and

recalculate the position of the GNSS receiver using the
adjusted residual.

30. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to determine, for the plurality of satel-
lites, an average line-of-sight velocity between the GNSS
receiver and the plurality of satellites, and to select, as the
reference satellite, the satellite having a line-of-sight velocity
that is closest to the average line-of-sight velocity.

31. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to determine a direction vector corre-
sponding to an average of respective direction vectors from
the GNSS receiver to each of the plurality of satellites and to
select, as the reference satellite, the satellite of the plurality of
satellites for which the direction vector from the GNSS
receiver to that satellite is closest to the average direction
vector.

32. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to select, as the reference satellite, the
satellite of the plurality of satellites having either:

a line-of-sight velocity that is closest to an average line-of-

sight velocity for the plurality of satellites relative to the
GNSS receiver; or
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a direction vector to the GNSS receiver that is closest to an
average direction vector from the plurality of satellites to
the GNSS receiver; and

using relative magnitudes of an error in an estimate of
position of the GNSS receiver and an error in an estimate
of the time at which the signals were transmitted from
the satellites.

33. The apparatus as claimed in claim 32, wherein the
processor is configured to select as the reference satellite the
satellite of the plurality of satellites having an optimum com-
bination of line-of-sight velocity and direction vector in rela-
tion to the average line-of-sight velocity and the average
direction vector.

34. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to calculate for a j* satellite of the plu-
rality .of satellites a metric, Ajz, that is given by the following
equation:

o _op,

A _25
|Atpax| ETSRNFT:

T

A§ = [|Ruaxla- @ — np) + [|[Ruax)b- (A —np))* +

in which:

n is a mean of the unit vectors between the GNSS receiver
and the plurality of satellites;

1, is the unit vector between the GNSS receiver and the
satellite;

R, 4y 18 @ maximum error in an original estimate of the
position of the GNSS receiver;

At, 5 1S @ maximum error in an original estimate of a
transmission time of a signal from one of the plurality of
satellites;

<iths
J

is an average line-of-sight velocity of the plurality of satel-
lites;

%,
ar

is the line-of-signs velocity of the j satellite;
aand b are orthogonal unit vectors in a tangent plane of the
GNSS receiver;
the apparatus being arranged to select as the reference
satellite the satellite that when used as the i satellite
generates the smallest metric, where (jel . . . N) and the
plurality of satellites includes N satellites.

35. The apparatus as claimed in claim 1, wherein the appa-
ratus is arranged to calculate for each of the plurality of
satellites a metric, Ajoz, that is given by the following equa-
tion:

2 _
A%, =
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in which:
n, is a unit vector between the GNSS receiver and a i
satellite;
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n, is a unit vector between the GNSS receiver and the
satellite that is being tested as the reference;

L)
ar

is a line-of-sight velocity, relative to the GNSS receiver, of the
satellite that is being tested as the reference;

%,
ar

is the line-of-sight velocity of the i satellite;

R, . 18 @ maximum error in an original estimate of the
position of the GNSS receiver;

At,,,+ 1s a maximum error in an original estimate of a
transmission time of a signal from one of the plurality of
satellites; and

a and b are orthogonal unit vectors in a tangent plane of the
GNSS receiver;

the processor being configured to select as the reference
satellite the satellite that, when tested as the reference
satellite, generates a smallest maximum metric across
all N satellites, where (jel . . . N) and the plurality of
satellites includes N satellites.

36. The apparatus as claimed in claim 1, wherein the pro-

cessor is configured to select the reference satellite by:

selecting each of the plurality of satellites in turn as a
candidate for being the reference satellite;

for each candidate satellite, forming residuals that are rep-
resentative of a combined error in the determined
expected transit time for the candidate satellite and each
of the other satellites;

for each candidate satellite, identifying a maximum of the
residuals; and

selecting as the reference satellite the candidate satellite
corresponding to a minimum of the maximum residuals.

37. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to select a subset of satellites that are
visible to the GNSS receiver to be the plurality of satellites
from which the position of the GNSS receiver is calculated.

38. The apparatus as claimed in claim 37, wherein the
processor is configured to designate one of the subset of
satellites as the reference satellite.

39. The apparatus as claimed in claim 34, wherein the
processor is configured, during a first iteration, to calculate
the position of the GNSS receiver using a first subset of the
plurality of satellites comprising a first number of satellites
and, during a subsequent iteration following the first iteration,
to calculate the position of the GNSS receiver using a second
subset of the plurality of satellites comprising a second num-
ber of satellites, the second number being higher than the first
number.

40. The apparatus as claimed in claim 37, wherein the
processor is configured to select the subset of satellites by:

forming a candidate set of satellites that are visible to the
GNSS receiver;

successively identifying which of the satellites in the can-
didate set is associated with a smallest convergence zone
and eliminating that satellite from the candidate set until
the candidate set consists of a predetermined number of
satellites; and

selecting the subset of satellites to comprise the predeter-
mined number of satellites in the candidate set.
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41. The apparatus as claimed in claim 37, wherein the
processor is configured to select the subset of satellites to
consist of a predetermined number of satellites in the set of
visible satellites that have the highest levels of elevation rela-
tive to the GNSS receiver.

42. The apparatus as claimed in claim 37, wherein the
processor is configured to select the subset of satellites to
consist of a predetermined number of satellites in the set of
visible satellites that have the lowest line-of-sight velocities
relative to the GNSS receiver.

43. The apparatus as claimed in claim 1, wherein the pro-
cessor is configured to calculate the position of the GNSS
receiver by testing different integer ambiguities for the deter-
mined initial estimates of transit times.

44. An apparatus configured to determine a position of the
apparatus, the apparatus including:

a global navigation satellite system (GNSS receiver con-
figured to receive respective periodic signalling events
from a plurality of satellites; and

a processor configured to:
perform a comparison between a fractional part of a

time-of-arrival at the GNSS receiver of a periodic
signalling event transmitted by a first satellite of the
plurality of satellites, a fractional part of a time-of-
arrival of a periodic signalling event transmitted by a
second satellite of the plurality of satellites, and
respective estimated distances between the GNSS
receiver and the first and second satellites, and
calculate the position of the GNSS receiver using a frac-
tional part of a result of that comparison, wherein:
the estimated distances between the GNSS receiver
and the first and second satellites are determined
from respective times-of-arrival of the periodic sig-
nalling events transmitted by the first and second
satellites,
the fractional parts are fractional parts of the period of
the signalling events, and
the processor does not determine an integer part of the
times-of-arrival of the periodic signalling events
when calculating the position of the GNSS
receiver.

45. A method for calculating a position of a global naviga-
tion satellite system (GNSS) receiver by using a time for
periodic signalling events to travel from a plurality of satel-
lites to the GNSS receiver, the method comprising, in respect
of each satellite:

receiving, by the GNSS receiver, one of the periodic sig-
nalling events from the satellite;

determining, by a processor of the GNSS receiver, an initial
estimate of transit time for the periodic signalling event
to travel from the satellite to the GNSS receiver; and
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determining, by the processor, an expected transit time for
the periodic signalling event to travel from the satellite to
the GNSS receiver based on an estimated current posi-
tion of the GNSS receiver and a predetermined estimate
of a position of the satellite;

the method further comprising:

designating, by the processor, one of the plurality of
satellites as a reference satellite;

comparing, by the processor, the initial estimate of the
transit time and the expected transit time for each
non-reference satellite with the initial estimate of the
transit time and the expected transit time for the ref-
erence satellite, respectively, to form respective
residuals that are representative of a combined error in
the expected transit times; and

calculating, by the processor, the position of the GNSS
receiver, without calculating an integer part in the
initial estimates of the transit times, using the residu-
als.

46. A non-transitory computer-readable medium encoded
with instructions that when executed by a processor cause the
processor to calculate a position of a global navigation satel-
lite system (GNSS) receiver using a time for periodic signal-
ling events to travel from a plurality of satellites to the GNSS
receiver, wherein the instructions cause the processor to, in
respect of each satellite:

receive one of the periodic signalling events from the sat-

ellite at the GNSS receiver;
determine an initial estimate of a transit time for the peri-
odic signalling event to travel from the satellite to the
GNSS receiver; and

determine an expected transit time for the periodic signal-
ling event to travel from the satellite to the GNSS
receiver based on an estimated current position of the
GNSS receiver and a predetermined estimate of a posi-
tion of the satellite;

designate one of the plurality of satellites as a reference

satellite;

compare the initial estimate of the transit time and the

expected transit time for each non-reference satellite
with the initial estimate of the transit time and the
expected transit time for the reference satellite, respec-
tively, to form respective residuals that are representa-
tive of a combined error in the expected transit times;
and

calculate the position of the GNSS receiver, without cal-

culating an integer part in the initial estimates of the
transit times, using the residuals.
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